EXTENDER BASED RADIN FORCING

CARMI MERIMOVICH

ABSTRACT. We define extender sequences, generalizing measure sequences of
Radin forcing.

Using the extender sequences, we show how to combine the Gitik-Magidor
forcing for adding many Prikry sequences with Radin forcing.

We show that this forcing satisfies a Prikry like condition destroys no car-
dinals, and has a kind of properness.

Depending on the large cardinals we start with this forcing can blow the
power of a cardinal together with changing its cofinality to a prescribe value.
It can even blow the power of a cardinal while keeping it regular or measurable.

1. INTRODUCTION

We give some background on previous work relating directly to the present work.
The first forcing which changed the cofinality of a cardinal without changing the
cardinal structure was Prikry forcing [6]. In this forcing a measurable cardinal, x,
was ‘invested’ in order to get cf(x) = w without collapsing any cardinal. Developing
that idea, Magidor [2] used a coherent sequence of measures of length A < x in
order to get cf(k) = A without collapsing any cardinals. In [7] Radin, introducing
the notion of measure sequence, showed that it is useful to continue the coherent
sequence to A > k. For example, x remains regular when A = x*. In general the
longer the measure sequence the more resemblance there is between « in the generic
extension and the ground model.

As is well known, and unlike regular cardinals, blowing the power of a singular
cardinal is not an easy task. A natural approach to try was to blow the power of
a cardinal while it was regular and after that make it singular by one of the above
methods. A crucial idea of Gitik and Magidor [3] was to combine the power set
blowing and the cofinality change in one forcing. They introduced a forcing notion
which added many Prikry sequences at once and still collapsed no cardinals. The
‘investment’ they needed for this was an extender of length which is the size of power
they wanted. Building on the idea of Gitik and Magidor, Segal [8] implemented
the idea of adding many sequences to Magidor forcing. So by investing a coherent
sequence of extenders of length A < k she was able to get a singular cardinal of
cofinality A together with power as large as the length of the extenders in question.

Date: October 10, 1998.

1991 Mathematics Subject Classification. Primary 03E35, 03E55, 04A30.

Key words and phrases. Forcing, Radin forcing, Extender, Extender based forcing, Generalized
continuum hypothesis, Singular Cardinal hypothesis.

This work is a part of research which, hopefully, will become the author’s Ph.D. thesis. It was
done at Tel-Aviv university under the supervision of M. Gitik. The author thanks M. Gitik for
his help with this work, in other works and just in general.

We thank Asaf Sharon for reading and pointing out some problems in a preliminary version of
this work.



2 CARMI MERIMOVICH

Our work also builds on the idea of Gitik and Magidor. However, we implement
the idea of adding many sequences to Radin forcing. So we introduce the notion of
extender sequence and show that it makes sense to deal with quite long extender
sequences. As in Radin forcing, for long enough sequences we are left with x which
is regular and even measurable. The power size will be the length of the extenders
we start with.

The structure of this work is as follows. In section 2 we define extender sequences.
In section 3 we define Pg, the forcing notion which is the purpose of this work. In
section 4 we define Radin forcing as a means to prove lemmas we need later. The
definition is not the usual one. The definition we give here is more in the spirit
of the forcing we defined in section 3. In section 5 we show the chain-conditions
satisfied by Pz and how ‘locally’ it resembles Radin forcing. We also show here that
there are many new subsets in the generic extension. In section 6 we investigate
the structure of dense open subsets of Pz. We show that they satisfy a strong
homogeneity property. In section 7 we prove Prikry’s condition for Pg. The proof
is a simple corollary of the strong homogeneity of dense open subsets. In section
8 we show that Pg satisfies a kind of properness. In section 9 we combine the
machinery developed so far in order to show that no cardinals are collapsed. In
section 10 we show how the length of the extender sequences affect the properties of
k. Section 11 summarizes what the forcing Pz does. In section 12 we have a result
concerning Pg when 1(E) = 1. We show that there is, in V, a generic filter over an
elementary submodel in an w-iterate of V. We were not able to prove something
equivalent (or weaker) for the general case. Section 13 contains a list of missing or
unknown points to check. The last point in this list is in preparation.

Our notation is standard. We assume fluency with forcing and extenders. Some
basic properties of Radin forcing are taken for granted.

2. EXTENDER SEQUENCES

1. Constructing from elementary embedding. Suppose we have an elemen-
tary embedding j:V — M D V), crit(j) = . The value of X is determined later,
according to the different applications we have.

Construct from j a nice extender like in [3]:

E(0) = (Ea(0) | € A), (mp,a | BZua a, B € A)).
We recall the properties of this extender:
(1) AC VAl\ 5,
2) Al = [Val,
3) (A, <y4) is a kT-directed partial order,
4) Vo ﬂeAﬂ>Aa = 7m3,0:Vi = Vi,

(2)
(3)
(4)
()
(6)
(7)
(8)
(9)

K€
6 VaGA/{<Aa We write 7, o instead of 7, x,

7) Vo, € AVr < k10 = T4 0(v) = ms0(v),

8) Va,B e AB> a0 = Y < Kk mgo(V) = Tao(ms,a(V)),
9) Va,B,y€e Avy>48>4a =

JA € E,(0)Vv € Amy o (V) = mg.a(m4,5(V)).

If, for example, we need |E(0)| = k2 then, under GCH, we require A = x + 3. A
typical large set in this extender concentrates on singletons.
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If j is not sufficiently closed , then E(0) ¢ M and the construction stops. We
set

Va € A E, = (o, E(0)).

We say that F, is an extender sequence of length 1. (1(E,) = 1)
If, on the other hand, E(0) € M we can construct for each o € dom E(0) the
following ultrafilter

A€ B pop(l) < {0, E(0)) € j(A).

Such an A concentrates on elements of the form (£, e(0)) where e(0) is an extender
on &Y and ¢ € dome(0). Note that e(0) concentrates on singletons below £°. If, for
example, |[E(0)] = k™3 then on a large set we have |e(0)| = (£°)73.

We define T(B,E(0)),(a,E(0)) &S

T(8,E(0)) ., 2(0)) ((§; €(0))) = (75,0(£), €(0)).

From this definition we get

J(7(8,E(0)),(, E(0)) ) ({3, E(0))) = {(a, E£(0)).

Hence we have here an extender

E(1) = ((Ea,p0) (1) | @ € A), (T(3,B(0)) (a,E0)) | B=aa o, B € A)).

Note that the difference between 73 o and 73 £(0)),(a,E(0)) 18 quite superficial. We
can define mg £(0)),(a,E(0)) in a uniform way for both extenders. Just project the
first element of the argument using 73 4.

If (£(0), E(1)) ¢ M then the construction stops. In this case we set

Vo € A B, = (a, E(0), E(1)).

We say that E, is an extender sequence of length 2. (1(E,) = 2)

If (E(0), E(1)) € M then we construct the extender E(2) in the same way as we
constructed E(1) from FE(0).

The above special case being worked out we continue with the general case.
Assume we have constructed

(B(T") |7 <71).
If (E(r") | 7/ < 7) ¢ M then the construction stops here. We set
Vo€ AE, = (o, BE(T) | T < 7T),

and we say that E, is an extender sequence of length 7. (1(E,) = T)
If, on the other hand, (E(7') | 7 < 7) € M then we construct

A€ B p(0),...B(r),.. 7<) (T) <=
(o, E(0),...,E(T"),...| 7" < 1) €j(A).

Defining 7 g(0),....E(+/),...|7/ <7),(a, E(0),.... E(r")....,|7'<7) using the first coordinate as
before gives the needed projection.

We are quite casual in writing the indices of the projections and ultrafilters.
By this we mean that we sometimes write mg, when we should have written
T(B,E(0),....E(T"),...|]7"' <T),{c, E(0),..., E(1'),..., |7 <T) and Ea (T) when we should have writ-
ten Eio, B(0),....B(r),....|7 <) (T)-
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With this abuse of notation the projection we just defined satisfies

J(m3.0) (B, E0),...,E(T'),... | 7' < 7)) =
(a, E(0),...,BE(T"),...| 7" < 1),
and we have the extender
E(r) = ((Ba(7) | € A), (Tpa | BZa o o, B € A)).

We let the construction run until it stops due to the extender sequence not being
in M.

Definition 2.1. We call i an extender sequence if there is an elementary embed-
ding j:V — M such that v is an extender sequence generated as above and i = v [T
for 7 <1(¥). k() is the ordinal at the beginning of the sequence. (i.e. k(Ey) = ).
KO() is (k(m))°. (i.e. KO(Ey) = k).

That is, we do not have to construct the extender sequence until it is not in M.
We can stop anywhere on the way.

The generalization of the measure on the « coordinate in Gitik-Magidor forcing
[3] is Eq.

Definition 2.2. A sequence of extender sequences (fiy, . . ., i,,) is called °-increasing
if £%(fy) < -+ < &(fiy,)-
Definition 2.3. Let (i, .., i, ) be o-increasing. An extender sequences i is called

permitted to {(fiq, ..., i, ) if k(f,) < &°(j).
Definition 2.4. We say A € E, if V€ <1(E,) A € E,(£).

Definition 2.5. £ = (E, | a € A) is an extender sequence system if there is an
elementary embedding j:V — M such that all £, are extender sequences generated
from j as prescribed above and Vo, 3 € A 1(E,) = 1(Eg). This common length
is called the length of the system, 1(E). We write E(ji) for the extender sequence
system to which i belongs (i.e. E(E,) = E).

We point out that there is a xT-directed partial order on E inherited from A.
That is Eg >5 Eo <= (>4 a. Of course, this implies that there is minE, namely
E,. From now on we use only the order >p, even for A, and we write dom E for

A.
2.2. E -tree.

Definition 2.6. A tree T is an F,-tree if its elements are of the form

<<ﬂ1a s 7ﬁn>as>
where

(1) Set domT = {{fiy,. -, f,) | {{fig,---sH,),S) € T} Then the function

<ﬂ17 s 7ﬂn> = <<ﬂ1, e Han>v S>
from domT to T is 1 — 1 and onto,
2) t € Levy(domT) = [t| =n+1,
3) (fy,-..,[,) is a °-increasing sequence,
4) Levg(domT) € E, and for each t € dom T Sucqom7(t) € Ey,
5) S is a ji,-tree. When 1(f1,,) = 0 we set S = 0.
Note that this clause is recursive.

(
(
(
(
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Note 2.7. While we call T a tree, formally speaking, it is a function with domain a
tree (in the usual sense) of finite sequences.

Note 2.8. Later on, we abuse notation and use T instead of domT. I.e., Sucr(t)
instead of Sucqom 7 (t).

Definition 2.9. Assume 7T is a E,-tree and t € T, then:
1) Ty ={(s,9) | (t ™ s,5) €T}.
(2) T(m) is the tree, S, satisfying (fi, S) € Levo(T).
(3) Ty(ix) is the tree, S, satisfying (fi, S) € Sucr(t).
Definition 2.10. Let T, S be E,-trees, where 1(E) = 1. We say that T < S if
(1) Levo(T) C Levo(S),
(2) ¥Vt € T'Sucr(t) C Sucs(t).
Definition 2.11. Let T, S be E,-trees. We say that 7' < S if
(1) LGVO(T) Q LeVO(S),
(2) Vt € T Sucr(t) C Sucs(t),

(3) V(i) € Levo(T) T(p) < S(),
(4) vt € T V(i) € Ty Ty(n) < Se(fa).

Note that the last 2 conditions are recursive.

Definition 2.12. Let S be E,-tree and 3 > . Define T = wgz(S) by

(1) domT = wEL(dom S),

_ -1 _

@) Ty, ) ) = T ) S50 () om0 (1)) (T80 ()
Definition 2.13. Let T, S be Eps, E,-trees respectively, where 3 >5a. We say
that T < S if

(1) T < m51(9).

Definition 2.14. Assume we have A, gy where ¥ is an extender sequence such
that each element in A gy is of the form (i, S) where fi is an extender sequence
and S is a tree. (in this work we always have S is fi-tree). We define A?B,R) A.R)

as

(m, S) E(A}; A.ry == Y0, R) k() < K°(B) = (i, Stz.r)) € A, R)-

3. Pg-FORCING

The definition of the forcing is done by induction on 1(E). Originally we started
directly giving the general case. At the suggestion of the referee we have added

concrete definitions also for the cases 1(F) = 1, I(E) = 2 and several figures we
hope will enhance the intuition standing behind the definitions.

Definition 3.1. Assume 1(E) = 0. A condition in P is of the form

{46, }

where

(1) p'*) € V,, is an extender sequence. (p'*) = {) is allowed.)

When 1(E) = 0 the partial order <* degenerates into =:
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Definition 3.2. Assume 1(E) = 0. Let p,q € P%. We say that p is a Prikry
extension of ¢ (p <* g or p <Y q) if

(1) p’=¢".
Definition 3.3. Assume 1(E) = 0. We set (Pg, <) = (Pg, <*).

Hence, when 1(E) = 0, Pz is not really a forcing. We use it more as a place
holder in order not to convolute later proofs with 2 cases everywhere.

Definition 3.4. Assume 1(E) = 1. A condition in P is of the form

{{(e, E(0)), p'*FOV) | (a, B(0)) € g} U{T}
where

(1) gC E, |9l <+,

(2) min E = (x, E(0)) € g and g has a maximal element,

(3) plEO) ¢ Vio(g) 1s an extender sequence which we call p°, (We allow
p’ =0),

(4) Y{a, E(0)) € g\{(k, E(0))} p{®FO) ¢ [Vio ()] =* is a °-increasing sequence.
We allow p{®E©0) = ¢

(5) T is a max g-tree such that for all t € T p™a*9 ™ ¢ ig °-increasing. If (D) € T
then 7 = (£) for some & < k. (Meaning that 7 is an extender sequence of
length 0).

(6) For all (o, E(0)) € g, p° is not permitted to p{F©O)

(7) V{(#) € T |{{a, E(0)) € g | 7 is permitted to p/®EON} < x0(p),

(8) V(#) € T if ¥ is permitted to p®FO) plaB©) then

Tmax g,(3,E(0)) (D) 7é Tmax g,(,E(0)) (17)

We write mc(p), p™¢, TP, E(p), supp p for max g, p™®9, T, E, g respectively.

Definition 3.5. Assume I(E) = 1. Let p,q € P5. We say that p is a Prikry
extension of ¢ (p <* g or p <Y q) if

(1) suppp 2 suppg,

(2) V<Q,E(0)1> c supp q p<a7E(0)> — q<0‘7E(0)>7
3) TP < wmc(p)’mc(q)Tq,
(4) ¥{a, E(0)) € suppq ¥(v) € T?

max k(p'*FO) < kO(7) =
Tme(p),a(?) = Tme(q),a(Tme(p),me(q) (7))-

Definition 3.6. Assume 1(E) = 1. A condition in Pz is of the form

—~ —~

Pn - Do

where

pOEPEw

plepslv

)
Pn € P s
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where E, iy, ..., i, are extender sequence systems such that 1(i;) =0, ..., 1(ji,) =
0 satisfying B
Vi <n—1 k(1) < £°(;) where iy = E.

Definition 3.7. Assume 1(E) = 1. Let p,q € P;z. We say that p is a Prikry
extension of ¢ (p <* q or p <Y q) if p, ¢ are of the form

P=pn" - po,

q9=qn" " qo,
and

® Do, qo € P%a Po S* q0,
* i1 € Ph ;1 <7 gy
o

® Pnsn € P o pn <7 .

Po(sy, defined now, is the basic non-direct extension in Pg of the condition po,
which adds the extender sequence v € TP0 to the finite sequence.

Definition 3.8. Assume I(E) = 1. Let p € P} and (7) € T?. In this case 7 = (£)

/o~ )

for some § < k. We define (p) ) to be pj ~ pj where

(1) supp pj = suppp, o
(2) V{a, E(0)) € supppj pyF ) =

(Tme(p),a(§)) max k(p{*FO)) < k0(¢), a = &,
PEO) (1) 0(€)) maxk(p@EO) < KO(E), £ r,
plenE(0)) Otherwise.

(3) TP = T<p;7>'

(4> suppp’l = {<7TmC(p),K(§)>}7

(5) pT <) pEO) (Note that pf € Pl )

Definition 3.9. Assume 1(E) = 1. Let p,q € Pz. We say that p is a 1-point
extension of ¢ (p <! q) if p, q are of the form

P=Dn+1 Pn - Do,
q9=aqn " " qos
and
® Pit1,4i € PEJ Pit+1 S* qi for i = 1,...,TL,
e There is (7) € T% such that p1 ~ po <* (o) (5)-
Definition 3.10. Assume 1(E) = 1. Let p,q € Pz. We say that p is an n-point
extension of ¢ (p <" q) if there are p™,...,p° such that
p:pn Sl Slp():q
Definition 3.11. Assume I(E) = 1. Let p,q € Ps. We say that p is an extension
of ¢ (p < q) if there is n such that p <" q.

It is quite clear that when 1(E) = 1, (Pg, <) is the Gitik-Magidor forcing from
[3] with a slight change in
(1) The support elements are (o, F(0)) instead of a.
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(2) pt=F©) has at most one element and not a finite sequence.

We give some figures in order to enhance the intuition behind these definitions.
In figure 1 we show a typical condition py € Pg. In figure 2 we show a l-point
extension of py using ((v)) € T, assuming &7 , > v°. In figure 3 we show a 1-point
extension of pyz) using ((u)) € Tg%, again assuming &p 1 > 0.

If G is Pg-generic and we set C* = U{p'®FO) | p € G, (o, E(0)) € suppp}
then C“ is an w-sequence unbounded in .

1,2
€0) §§1:3§ B

{r, E(0)) (a1, E(0)) (a2, E(0))

FIGURE 1. An example of py € P%, I(E) = 1.

(€0.0)
(%)
1,2 v)
W) i £ m,
(r, E(0)) (a1, E(0)) (az, E(0))
FIGURE 2. pg((.)y, a 1-point extension of py using (v).
(€0.0)
(%)
(v°)
(1°)
B
() Lo g §jé§ T )
(r, £(0)) (a1, £(0)) (a2, E(0))

FI1GURE 3. DPo((v),(u)) > @ 1-point extension of Do((v)) using {(u).

We continue with the definition of Py for 1(E) = 2.
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Definition 3.12. Assume I(E) = 2. A condition in P, is of the form

{({a, E(0), EQ1)), p*POFON) | {a, B(0), E(1)) € g} U{T}
where

(1) g C E, |g9] <+,

(2) min F = (x, E(0), E(1)) € g and g has a maximal element,

(3) p=EO-EMW) € Vo 5 is an extender sequence, we call it p°. (We allow
P’ =0),

(4) Y{a, B(0), E(1)) € g\ {(s, E(0), E(1))} p'*FDFW) € [Voop)] is a °-
increasing sequence. We allow p(®F(0).E(1) — ¢

(5) T is a maxg-tree such that for all t € T p™®*9 ¢ is °-increasing. If
(7) € T then either 7 = (£) or v = (£,e(0)), where e(0) is extender and
& € dome(0).

(6) For all (o, E(0), E(1)) € g, p° is not permitted to p{®F©0).E1L)

(7) ¥{(7) € T |{{a, E(0), E(1)) € g | 7 is permitted to p!®FO-EOUNY < x0(7),

(8) ¥(v) € T if v is permitted to pt#FO)EM) (e, EO).EM) then

Tmax g,(8,5(0), (1)) (7) # Tmax g, (o, 5(0), 51)) (7)-
We write mc(p), p™°, TP, E(p), suppp for max g, p™**9, T, E, g respectively.
Definition 3.13. Assume 1(E) = 2. Let p,q € P%. We say that p is a Prikry
extension of ¢ (p <* g or p <Y q) if

(1) suppp 2 suppyg,
(2) ¥{a, E(0), E(1)) € suppg p{*FOFL) = gl BO.EL),

(3) TP < o) me( T

(4) V(a, E(0), E(1)) € suppq V(v) € TP

max s (p{*POEL)y « 0(p) —

Tme(p),a(?) = Tme(q),a(Tme(p),me(q) (7))-

Definition 3.14. Assume 1(E) = 2. A condition in Pg is of the form

— —~

P " po
where

® po € Pg,

e p € Pgl,

o

® pn € Pﬁkna
where E, jiy, ..., fi, are extender sequence systems such that 1(7i;) < 2, ...,1(j,) <

2 satisfying
Vi <n—1 k(1) < k°(i;) where fiy = E.

Definition 3.15. Assume [(E) = 2. Let p,q € Pg. We say that p is a Prikry
extension of ¢ (p <* q or p <Y q) if p, ¢ are of the form

P=pn - Do,
4=aqn" " qo,

and
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Po;qo € PE? Po S* qo0,
pqu € Pr o, op1 < g,

e

Pn,qn € P5n7 Pn <F qp.

Po(w), defined now, is the basic non-direct extension in Pg of the condition po,
which adds the extender sequence 7 € T?° to the finite sequence. If & = (£, e(0))
then a condition p| € P, (g is added.

Definition 3.16. Assume 1(E) = 2. Let p € P and (v) € TP. We define pz) to
be pi ~ p{, where

(1) suppp = suppp, o
(2) Y{a, E(0), E(1)) € supppy, pga’ ©.EMW) _

<7Tmc(p),a(£)ae(0)> maxn(p<°‘ E0),BM) ) 0( )7 < ) ( )>

(0, B(0),E(1)y o 0
plE(0),E(1) “(Tme(p),a(&), €(0)) ;nixlj(]? ) <k (§), 7= {8,

(o, E(0),E(1)) 0 =
<7Tmc(p),<x(£)> Or:lix:(p ) <K (5)7 V= <£>v

plenE(0).E()) Otherwise.

(3) T#o =T,
(4) If 7 = (¢) then
(41) Supppll = {<7Tmc(p),m(£)>}7
(4.2) plmme@ =) _ (. E0),BQ)),
(4.3) TP = 0.
(5) If v = (¢, e(0)) then
(5.1) supppy = {(Mmc(p),a(§),€(0)) | (o, £(0), E(1)) € suppp,max
Kl PPN < k0(€)},
(5.2) V(Tme(p) a(£), €(0)) € suppp} py =)
(5.3) TP = T*((&,€(0))). (note that pj € Pl .)

_ plenB(0).5(1)

Definition 3.17. Assume 1(E) = 2. Let p,q € Pg. We say that p is a 1-point
extension of ¢ (p <! q) if p, q are of the form

P=DPn+1 Pn -7 Do,
q=qn" " qo,
and there is 0 < k < n such that
® P;.q; € PEN pi <*q;fori=0,...,k—1,
® pit1,4 € Py, piy1 <Fgifori=k+1,...,n,
e There is (v) € T such that pri1 ™ pr <* (q&)(5)-

Definition 3.18. Assume I(E) = 2. Let p,q € Pz. We say that p is an n-point
extension of ¢ (p <" q) if there are p™, ..., p" such that

p:pnglglpozq

Definition 3.19. Assume [(E) = 2. Let p,q € Pz. We say that p is an extension
of ¢ (p < g) if there is n such that p <™ q.
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When 1(E) = 2 the forcing Pg is similar to a special case of the forcing defined
in [8]. Again we give some figures in order to enhance the intuition behind these
definitions. In figure 4 we show a typical condition py € P%. In figure 5 we show a
1-point, extension of po using ((v)) € TP°, assuming £, > v°. In figure 6 we show
a 1-point extension of pg(zy using ((u)) € Tf%, again assuming &o 1 > u°.

Let G be Pg-generic, C* = U{p‘®EO.EM) | p € G, (a, E(0), E(1)) € suppp}
then C® is an w?-sequence unbounded in &.

Set also C* = U{p¢O) | p € G, (i,e(0)) € suppp}. Then C* is w-sequence

unbounded in /9.

1,2
1,1 22,1
£0,0 1,0 2.0 TPo

<H7 E(O), E(1)> <041, E(O)vE(l» <0527E(0), E(1)>

FIGURE 4. An example of py € Pz, I(E) = 2.

§0,0
(v°)
%1,2 v
1,1 2,1
0 1,0 §2,0 T{;‘B
<K3’ E(O)v E(1)> <a15 E(O)’ E(1)> <a2’ E(O)v E(1)>
FIGURE 5. py(z), a 1-point extension of py using (v).
0,0
(v°)
v
2,1
0 21 (o)

(1", e(0)) {1, €(0))

1,2
(10, e(0)) éié (1, €(0))) Tl e
(k, £(0), E(1)) (a1, E(0), E(1)) (a2, E(0), E(1))

FIGURE 6. po(y,(u,e(0)))» @ 1-point extension of py(,, using (u, e(0)).
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We leave now the special cases and define the forcing notion for arbitrary 1(E).

Definition 3.20. A condition in P is of the form
{(7.07) |7 € gy U{T}

€ V,o() is an extender sequence, we call it p°. (We allow p° = 0)),
vy € g\ {minE} p7 € [V,o(p)]< is a °-increasing sequence. We allow

p

T is a max g-tree such that for all ¢t € T p™®*9 ™ ¢ is °-increasing,

or all 4 € g, p¥ is not permitted to p7,

(7) € T {3 € g | v is permitted to p7}| < £°(¥),

(P) e Tifvis perfnitted to p”,p7 then 7. , 5(7) ;ié Tmax g,5(7)-
We write mc(p), p™¢, TP, E(p), supp p for max g, p™®*9 T, F, g respectively.

Definition 3.21. Let p,q € P;. We say that p is a Prikry extension of ¢ (p<*gq
or p <0 gq) if
(1) suppp 2 suppg,
(2) vy € suppg p? = ¢,
(3) TP < Tocpymota) T
(4) V¥ € suppq V(v) € TP
maXK(pry) < HO(D) = 7Tmc(p),’_y(p) = ﬂ-mc(q)ﬂ/(ﬂ-mc(p),mc(q)(D))~

Note that if p,q € Py satisfies all details of the above definition except 4, then
by just shrinking TP we can get 4 also. The proof is the same as the one given in

3].
In many cases in the sequel we use W?laT. Whenever we do so we assume
automatically the above shrinkage, which of course depends on the conditions used.

Definition 3.22. A condition in Pg is of the form

—~ —

DPn Do
where
® Do € PE‘?
® pE PEN

.
* pn€ B,
where E, iy, ..., [i, are extender sequence systems such that 1(i;) < 1(E), ...,
1(,,) < I(E) satisfying
Vi<n—1k(f1;1) < x%(i;) where fig = E.

Definition 3.23. Let p,q € P5. We say that p is a Prikry extension of ¢ (p <* ¢
or p <Y q) if p, q are of the form

p:pn/\"'/\p(h

q=qn" " qo,
and
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Po;qo € PE? Po S* qo0,
pqu € Pr o, op1 < g,

e

Pn,qn € P5n7 Pn <F qp.

Po(w), defined now, is the basic non-direct extension in Pg of the condition py,
which adds the extender sequence 7 € TP° to the finite sequence. A condition
p1 € Pp() is added.

Definition 3.24. Let p € P; and (v) € TP. We define (p) ) to be p} ~ py where
(1) supppy = suppp,

Tine(p).5(7) max (p7) < &°(7), 1(7) >0
i ) ) <R@), 1) =0,
P' TMme(p)y\V 54 B,

9 _ VA o 5
(2) V¥ € suppp} py ) max x(p7) < K°(7), 1(¥) = 0
mc(p),¥y = I

¥=FEq
pY Otherwise.
(3) T =T7,.
(4) If1(7) = 0 then
(4.1) suppp) = {Tme(p).5. ()}
(4.2) p;ﬂ-mc(y),E,@(D) :pE",
(4.3) TP =0,
(5) If (7)) > 0 then
(5.1) suppp) = {Tme(p),5(7) | 7 € supp p, max r(p7) < £°(¥)},
(5.2) Yime(p)4(7) € supppy pre® 7 = i,

(5.3) TP\ = T?(), (note that p} € P* for € associated with ),
Definition 3.25. Let p,q € Pz. We say that p is a 1-point extension of ¢ (p <! q)
if p, ¢ are of the form

P=Pnt1” Pn - Do,
9=4qn - qo;
and there is 0 < k < n such that
® Di,q; EPEN Y2 < q; fori:oa"'7k_1a
® Dit+1,4¢i € PS“ Pi+1 <* q; for i =k + I,...,n,
e There is (7) € T% such that pry1 ™ pr <* (qr) (5)-
Definition 3.26. Let p,q € Pz. We say that p is an n-point extension of ¢ (p <™ q)
if there are p™,...,p° such that
p=p"<'-- <l =g
Definition 3.27. Let p,q € P5. We say that p is an extension of ¢ (p < q) if there
is n such that p <" q.
Later on by Pz we mean (Pg, <).

Note 3.28. When 1(E) = 1 the forcing P is the Gitik-Magidor forcing from section

1 of [3]. When 1(E) < & the forcing Pg is similar to the forcing defined in [8].
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|
NN
o=

TPo

1,2
- 1,1
fo,o 1,0
F FE

oSl
5

FIGURE 7. An example of py € P%.

§172 §V>

1,1 2.1 P

<V0> 1,0 2,0 T((Ou>)
E

By

FIGURE 8. py(p), a 1-point extension of py using (V).

2,1 _
<VO> 2,0 T&i»(ﬂ)
0 i
?,2
_ 1,1 _ Po
i 1o i o).
EI{ Eal Eaz

FIGURE 9. po((),p), @ 1-point extension of pg(,y using f.

In several places we want to prevent enlargement of the support of a condition.
This makes all the conditions which are stronger than some condition but with the
same support resemble Radin forcing. The following definition catches the meaning
of not enlarging the support. The ‘resemblance’ we look for is 5.3.

Definition 3.29. Let p,q € P;. We say that p <3 ¢ if

(1) p<* g,
(2) suppp = suppgq.

Definition 3.30. Let p,q € Pz. We say that p <} ¢ if
(1) p<ta,
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(2) In the definition of <! we can substitute <* by <%

Definition 3.31. Let p,q € P5. We say that p <% g if there are p”, ... ,p° such
that
p=p"<p--<pp’=q¢
Definition 3.32. Let p,q € Pg. We say that p <p ¢ if there is n such that p <% q.
Note 3.33. The above definitions imply that if p < ¢ then there is r such that
p<*r<grq.
Note 3.34. When 1(E) = 1 and we force with (Pg, <r) below some p with maximal
coordinate a, we are forcing just the tree Prikry forcing for the measure E,(0).
Definition 3.35. Let € be an extender sequence such that k°(¢€) < k°(E).
Pg/Pe={p|3q€ P, q" p€ Pg}.
4. RADIN FORCING

The main aims of this section are 4.8, 4.10. As the simplest way we found to
formulate them was with Radin forcing [7, 5, 10] we took the opportunity to depart
from usual formulation in order to work in the spirit of the extender based forcing
we defined in section 3.

The main point is that possible extensions of a condition are stored in E,-tree
and not in a set. The « is fixed, so practically we deal here with a measure sequence
and not an extender sequence.

Definition 4.1. A condition in R, is of the form
<<ﬂn7 sn>, Sna R </7'1a 51>7 Sla <ID‘Ov 50>7 SO>

—~
[a—
N2
=I
[e=]

.., i, are extender sequences,
2) Vi <n—1w(fi41) < £(f),
(3) ID‘O = EO&{
4) Vi <n S"is fi;-tree,
(5) Vi <n s' € Vo, is an extender sequences.
Definition 4.2. Let p,q € R,. We say that p is Prikry extension of ¢ (p <* ¢ or
p <% q) if p, q are of the form

p= {{fi,,s"), 5", ..., <ﬁ1351>7517 <E0¢730>>SO>7
q = (i, t"), T, . (g, t1), T (B, 1°), T°),
and
° VignSliSTi,
o Vi< n st=t".

Definition 4.3. Let p = ({(ji,,, s"),S", ..., {fiy, s1), S, (fig, s°), S°) where jiy = E,.
Let (7) € S*. We define (p) ) to be

(0)oy = (i, 8™, 8™, o (g, 81, S,
<V78i>7Si(’7)a <ﬂi777>75217)a
<ﬂi71ﬂ 8i_1>7 Si_lu ey <ﬂo, 80>7 SO>
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Note the degenerate case in this definition when 1(#7) = 0. In this case S*(7) = ().

Definition 4.4. Let p,q € R, where
q= <<ﬂn7 Sn>a Sna R <ﬁ13 81>7 Slv <la0a 30>7 SO>
We say that p is 1-point extension of ¢ (p <! q) if there is (¥) € S? such that
p<* (Q)(m«
Definition 4.5. Let p,q € R,. We say that p is n-point extension of ¢ (p <" q) if
there are p™,...,p" such that
p=p" <. <l =g

Definition 4.6. Let p,q € R,. We say that p is an extension of ¢ (p < ¢) if there
is n such that p <™ q.

4.8 is needed in the proof of 7.1. Very loosely speaking 4.8 means that if “some-
thing” happens on a measure one set for one of the measures, that “something” is
happening on a measure one set for all the measures.

4.8 is proved by induction and 4.7 is the first case of the induction.

Lemma 4.7. Suppose (E,) = 2, i < 2, there is a tree T (not an E, tree) such
that Levo(T') € Eq(i) and ¥(7) € T Ty is an Eq-tree. Then there is an E-tree,
T*, satisfying

(1) V(o) e TNT™ T,y < Tiyy, T () < T(),
(2) If p < {(Eq, (), T*) then there is () € T* NT such that

Pl ({{Bay (00 T%)) -

Proof. There are 2 cases which to deal with:
o Ay = Levo(T) € E,(0): If Ay € En(1) we set T* = T and the proof is
finished. So suppose Ay ¢ E,(1). We would like to build A; € E,(1). Set
Y(fg) € T Ay = {{1,S) € Ty | Ao N (1) € iy (0)r(a, )
As Ag € E4(0) and Sucr((fig)) € Ea(1) we get that Az )1 € Eq(1). Let
Av= D% A
(Ho)€T
We can construct now 77*:
LeVO(T*) = AO U Al,
vﬂo € AO T<*p‘0> = T<ﬁ0>7
Vin €A1 Ty = (1 Tg)-
(Rg.fiy ) ET
o Ay =Levo(T) € En(1): If Ay € E4(0) we set T* =T and finish the proof.
So assume A; ¢ E,(0). We would like to build Ag € E,(0). Set
S =j(T) ((a, B(0))),
AO = LeVQ(S) \ Al.
We construct T™:
LeVo(T*) = AO U A17

Vﬂl S Al T{kﬁ1> = T<ﬁ1>'
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We are left with the construction of T<*ﬁo> for iy € Ap. For all 1 € Aj set

Azyy,0 = Sucs (o)),

Agyr = {0 T(1) ag)) | (1) €T, (o) € ()}
Sucr- (o)) = Agg).0 U Agag).1,

Vin € Augya Ty gy = Ty

We continue one more level and hope this will convince the reader we indeed
can complete T*. We are left with the construction of T<*ﬂmﬂ1> for (fig, i1) €
Ao x Apyo0- Forall {fig, fiy) € Ao X Az y,0 set

A</10,;11>,0 = Sucg (<ﬁo,ﬂ1>)7

Aty a = e T(B2) g, | (B2) € T (o, ia) € T(2)},

Sucr ((figs i) = Afg,y),0 Y Ay ) 1

Vi € Adg,in)t Taguis gy = Tiia)-
We are left with the construction of T, . - for (fig, fiy, fig) € Ag X
Azgy,0 X Aay.i,),0 and we hope that by now the continuation is clear.

O

Lemma 4.8. Let §o <1(E,), T a tree such that Levo(T) € Eo (&) and V(n) € T
Tiny is an Eq-tree. Then there is an Eo-tree, T, satisfying

(1) ¥(#) € TNT* T}y < Tpyy, T*(7) < T(9),

(2) Ifp< <<Ea7 (>>,T*> then there is (i) € T* N'T such that
P (B 00, T)) 4

Proof. Our induction hypothesis is that this lemma is true for ii’s with 1(ji) < 1(E,).
The previous lemma is the case for 1(i1) = 2.

Let S = j(T)(Eq[&). The tree S is an E,[€&-tree. We extend it step by step
to a full E,-tree as required.

Let

Ag, = Levo(T),
Acey = Levg(S) \ Ag, .
For & < £ <1(E,) do the following:
Ne = Ult(V, B4 ()),
k([P B (e)) = 3(h)(Eal€).

J

A

Ne = Ult(V, Ea(£))

Vv

M

(0, E(0),...,B(7),... | 7 < &) = ke([id] g, (¢)) € ran(ke)
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there is in N¢ a preimage for it:
(' E'(0),...,E'(7)...| T < ¢&).
As A&, € Eu(&), & < & we have 7/ < &' such that Ago € EL (1), (where o/ =
[k(id)] g, (¢)- Taking a function he such that [he]g, () = 7" we get
{ﬂ | Afo Nk (ﬂ) € ﬂ(hﬁ(ﬂ))m(ﬂ)} € Ea(f)
For each iy € Ag, we set
Ag 20,710y = {113 B) € Tg) | Ago NR" (1) € fir (e () i }

A= AY A ey,
€. T (o))
S e Ty e e

For any tree R which appears in a pair {ji;, R) € A’g we can invoke by induction
our lemma and generate R* which is a fi;-tree. Define now A¢ as:

<lal7R*> S AE — <la1aR> € Alﬁ
When we have {A¢ | & < € <1(E,)} we set

Asg = U Ae \ (A<€0 U A€0)7
Eo<€<U(Ea)

Levo(T™) = A<g, U Ag, U Asg,
V{fio) € Aco Ty = Tig)s
(i) € Asey T(a) = [ Tlaguin)
We are left to define Ty y for (fiy) € A<g,. For each fig € A-g, set:
A(ﬁo%ﬁo = {{i1, Rzyy) | (1, R) € Ago, (o) € RY,
Apgy,<to = Sucs({fg) \ Aag).o
For each fi; € A¢, we set

Alig) &80 T (1) ) = (g, R) € Typyy | Agy N K (jiy) € Fo(he(B2)) k(jiy) }

Apne= A% AGg) e dn T) )
(fg),€ (ﬁl?T(ﬁ1)<ﬁ0)> Ko )58 S L (R ) (ag)

We define
where R* is generated from R using the current lemma by induction. Now we set

A= U 16 \ (A, <co U Agg) 60)s

£0<E<I(Eq)
Sucr-((fio)) = Afg),<go Y Adjig) g0 U Atfig),>¢0-
v<la1> € Aﬂ0750 TZ;ZO,/?q) = T</7q>
V(fg) € Aﬁm>€0 uo,uz ﬂ Ty,

This leaves us with the definition of Tz 5,y for </10,/?L1> € Acg, X Ay, <e, Which
is done exactly as in this step. (Il
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4.10 is needed in the proof of 6.1. Loosely speaking it says that if “something”
happens on all extensions which are taken from dom T, then that “something”
happens on all extensions from T'.

4.10 is proved by induction where 4.9 is the first case.

Lemma 4.9. Assume1(E,) =2 and let T be E-tree. Then there is T* < T such
that if

p < ((Ea, (), T")

then there is (D1,...,0,) € T such that

p<” (<<Eou <>>7T>)(171,...,l7n>'

Proof. As is usual in this section the proof is done level by level. Let us set 7! =T
and it is trivially true that if

p < ((Ba, (), 1)

then there is (1) € T = T such that

We continue to the second level. Let us set

A<91’51> = SucT1 (<Z71>)7

Ap= A A, o
0= ey S

B() = {<l72> | 1(172) = 0 or LeVO(Tl) n HO(Z72) c 172},
LeVO(T(O)) = A() N B<>,

0) _ 1
Ton= (1 Thyo
<171>€T(0)(172)

T2 =T N7,

Let us assume that

p <* ((Ea, (), T7).

There are 2 cases to consider here:

(1) p<? ({{(Fa, <>>7T2>)<171,172> where (1, 75) € T?: At once we have (1, Us) €
T'<T.

(2) p <* ({{Ea, <>>,T2>)<92 51 where (9) € T?, (1) € T?(v2): By construc-
tion V(fi) € T?(2) (P2) € T}, As (71) € T?(2) we get (71,72) € T < T
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We show how to continue to the third level. Let us set

Apy,51,05,52) = Sucy2 ({71, V2)),

A, 51y = 7A0 Ap,,51,05,52)5
(72,52)

B<51751> = {<173> | 1(173) =0or SUCT2(<171,51>) n HO(Dg) € ﬁg},
Levo(T®) = Levo(T?),
SuCT(o>(<l_/1>) = A(,thl) N B<l71,S1>a

(0) _ 2
T(zjl,Dg) - m T{Dl,92,173>7

(172>€T<<gi>(l73)

Ay = A A, o,

0= 5, Awsn
B<> = {<173> | 1(173) = O or Levo(Tz) n Ho(l_/g) S 173},
LeVO(T(l)) = A<> N B(>,
Sucra ((73)) = ﬂ T(2171,172,173>a

(D1,02)€TO) (D3)

T3 =1?*nTO Nn1TW,

Let us assume that

p<* ((Ea, (), T%).
There are 3 cases to consider here:

(1) p <* (<<Ea’<>>7Ts>)<ﬁl,52,93) where (i1,79,73) € T3: At once we get
(V1,09,03) €T

(2) p <* (<<Ea’<>>’T3>)(al,;73,172> where (v1,73) € T3, () € T<‘°’l71>(173): In
this case V(i) € ngl)(ﬂg) (g) € T(3171,ﬂ>' As (pg) € T<3171>(D3) we get
<93> S T<l711,;2>.

(3) p <* ({(Ea, <>>’T3>)(93,91,52) where (73) € T3, (U1, 2) € T3(v3):
V{fiy, fip) € T°(73) (P3) € T7, ., hence (73) € Tip, 5.

In this way we continue to all levels. O

Lemma 4.10. Let T be E,, tree. Then there is T* < T such that if

p < ((Ea, ()),T7)

then there is (D1, ...,0,) € T such that

p < (Bas 06T s

V17---7Vn>.

Proof. The proof is by induction on 1(F,). The first case was done in 4.9. The
proof is almost the same. We just make sure to invoke the induction hypothesis
while repeating the construction.

Construction of T and T? is exactly like in 4.9. We show the construction at
the 3rd level.
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Let us set

A<l71asl,l72752> = SuCT2(<171a Z72>)7

Ay 51y = 7A0 Ap,,51,05,52)5
(P2,5%)

B, .s1y = {(73) [ 1(73) = 0 or Sucgz((71,S")) N k" (73) € 73},
LeVO(T(O)) = Levo (T2),
SuCT(o)(<Dl>) = A<l—,1)sl> N B<,71,S1>,
(0) _ 2
T<l71,173> - ﬂ T(z71,172}173>a
(2) €T, (75)

A= AV 4,
O s 50

Ay ={(vs,8%) | (73,5%) € Ajy S is generated from S¥ by induction},
B<> = {<D3> | 1(173) =0or LeVQ(TZ) N 1430(173) S 173},
LevO(T(l)) = A() n B<>,
Suera (@) = [ T, panyy:
(D1,02)€T ) (3)
> =7>nTO N1TW,

Let us assume that

p2 TP T po=p < ((Ea, (), T%).
There are 3 cases to consider here:
(1) p <* (<<E0"<>>’T3>)(91,92,93> where (i1,9,73) € T3: At once we get
(01,02,03) € T.
(2) p <* (<<Ea,<>>,T3>) __where (1,73) € T3, (i3) € Tgﬁ (73): In
(D1,03,02) (1)
this case V(i) € Tf’ljl>(173) (p3) € T(Sﬁl,ﬁ)' As (p9) € T<3171>(173) we get
<53> c T<?1,52>.
(3) p<? (<<Ea, <>>,T3>)<l73> where (73) € T3 and py ~ p; <2 (<(173, <>>,T3(173)>
By induction there is (1, 2) € T(P3) such that
P2 Apl S* (<<D37 <>>7T2(l73)>)<171’l—,2>'
By construction V{fi,, fio) € T?(v3) (P3) € T(2ﬂ1,ﬂ2> hence (73) € T, 5,)-
In this way we continue to all levels. (I

5. BASIC PROPERTIES OF Py

Claim 5.1. Py satisfies kT -c.c.
Proof. The usual A-lemma argument on the support will do. (]

Claim 5.2. Letp€ Py, P* ={q<grp|p€ Pg}. Then
(1) (P*,<Rg) satisfies kT -c.c.,
(2) (P*,<Rg) is sub-forcing of (Pg/p,<).
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Proof. Showing k™ -c.c. is trivial.

Showing that P* is sub-forcing of Pgz/p amounts to showing that any maximal
anti-chain of P* is also a maximal anti-chain of Pg/p.

Let A be a maximal anti-chain of P*. Let ¢ € Pg/p. As ¢ < p, there is
r’ € P* such that ¢ <* v’ <p p. Assume that ' = ], .- r{. Then also
qg=qn " - " qo. Let r; be r} with T™i substituted by Trin wmc(qi)mc(m(T‘h) and
r=r, " rg. Asr € P* and A is a maximal anti-chain there is a € A such
that a || . Take s <g a,r. Considering how we constructed = from r’ we must
have ¢ <* s such that ¢t < ¢. Hence ¢ || a. So we get that A is a maximal anti-chain
of PE/p. (I

Claim 5.3. Letp € Pg, P* = {q <rp|p € Pg}. Then there is r € Ry, such
that P* ~ Rmc(p)/r

Proof. For simplicity assume that p = pg. Then we set r = ((mc(pg), pg*®), T?).
We give the isomorphism: The image of ¢ € P* is s € (Ryc(p)/7, <) such that

(1) g<*s,
(2) T% =T% where s =8, - " 80, ¢=0qn """+ qo-

Let G be Pp-generic.

Definition 5.4. Eg is the enumeration of {E(py) | pn -+~ po € G} ordered
increasingly by x°(E(pg)).
Definition 5.5. Let ¢ < otp(Eg). Then

(1) GI¢={pn " " Pelpn ™" Pk "o €G,E(pr) = Ec(()},

(2) G\C={pk—1 " "po|pn " "ok "po € G, E(pr) = Eg(C)}-
Definition 5.6.
Mg =|J{p"* | p € G, Eq € suppp}
Cg = {r(p) | pe Mg}

Proposition 5.7. (1) C& is a club in K,
(2) C& is unbounded in k,
(3) a# B8 = C&#CL.

Proof. The first two claims are immediate as these are sequences which are gener-
ated by Radin forcing.
The last is by density and noticing that for p € Pz when v € TP is permitted

for pPe pFs we required Tine(p), B (V) # Tme(p), B4 (V)- O
6. HOMOGENEITY IN DENSE OPEN SUBSETS
Our aim in this section is to prove the following

Theorem 6.1. Let D C Pg be dense open and p =pr, — --- " po € Pg. Then there
is p* <* p such that
3% anv<9k,1, ey Dk,nk> S Sk .38 377/0V<170’1, Ceey Do7n0> e s
(p2)<l7k,1,m,l7k,nk> RN A(p(ﬂ;)(ﬁo,l,m,ﬁo,no) €D
where
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(1) S TPV, |
(2) VI < niV@h .. .,ﬁl> e st 3¢ SUCSi(<171, .. .7ljl>) S Emc(p;‘)(g)'

The proof is done by a series of lemmas.

Definition 6.2. Let p € PE. Let s be a function such that dom s C E. and for all
a,p € doms, a# [

(1) s(@) is an extender sequence,

(

(

(

1)
2) ls(@)) =1(s s(8)),_
3) w%(s(@)) = w(s(8)),
4) s(a) # s(B).

We define (p) ) to be pj ™ pj where

(1) supppy = suppp,
(2) Va € supppy

s(@) a € dom s, max k(p®) < k(s(a)), 1(s(a)) > 0,
P =4 p§ " s(@) aedoms, maxk(p®) < k2(s(a)), 1(s(a)) =0,
p Otherwise,

(3) If s(mc(p)) € T then TPo = T{;(mc(p)». Otherwise we leave T?0 undefined.
(4) If Y& € dom s 1(s(@)) = 0 then pj =0,
(5) if V& € dom s 1( (@)) > 0 then
(5.1) suppp) = {s(@) | @ € suppp Ndoms, maxm(p&) < K(s(a))},
(5.2) Va € supppj Vs(a) € suppp pls(a) =p%,
(5.3) If s(mc(p)) € TP then TPi = T?(s(mc(p))). Otherwise we leave
TP undefined,

Definition 6.3. Let p € Pf. Let s be a function with doms = 1,...,n such that
for all 7 s(i) satisfies definition 6.2. Then we define (p) s as p™ where p™ is defined
by induction as follows:

P’ =p,
P =pl T Tl T (Ph) (s(it)) -
We note the following: If (rq,...,7,) € TP and we set for all 1 <i<mn

S(Z) = {<5477rmc(p)7&(77i)> | a e Suppp}
then

(P)(w1eee) = (P)(s)-
We use this operation also in cases where p is not strictly a condition. That is if
pU{T} € Pg we also use (p) ). In this case we ignore the trees in the definition.
This definition is used in the proof of the homogeneity for the following reason:
Beforehand we do not know what a legitimate extension is. By checking all possible
w’s we check all legitimate conditions which might be extensions.

Claim 6.4. Let D be dense open in Pg/P:, p = py € Pg/P:, 0 < n < w. Then
there is p* <* p such that one and only one of the following is true:
(1) There is S C TP [[Vi]" such that
( ) Vk<n3£<1( ) SuCS(<Dl7~'~7Dk>)GEmc(p*)(f);
(1.2) V(71,...,0n) €S (0" )(p1,....0,) € D.
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(2) v<ﬁla e 17n> € TP*Vq S* (p*)<91,...,17n) q ¢ D.

Proof. We give the proof for n = 1. Adapting the proof for higher n’s require that
whenever we enumerate singletons we should enumerate n-tuples and when we use
j we should use j,.

We start an induction on £ in which we build

(@8, uf | € < k).
We start by setting

u’ = po \ {T7},
O_[O = mc(p0)7

T = TP |72y of7 | K°(P) is inaccessible},
and taking an increasing enumeration
{°(@) | (7) € T°} = (7e | € < k).
Assume that we have constructed
(@5, uf | € < &).
We have 2 cases: & is limit: Choose a%° >g af for all £ < &, and set

ubo = U ué U {(dgg,t>} where k() = Teo-
§<&o
& = £+ 1: For each 7 such that k°(v) = Te we set
Swy=( [] A{nls"@=r"®}) <{@}.
QEsupp ub
rw((u®)*)<7e

Let

and fix an enumeration of S
S = <850’p | p < Tep)-

There are fewer than 7¢, elements in S. We use 7¢, as this is the maximum size S
can have which is not ‘killing’ the induction.
We do induction on p which builds

<a50,p7u€07p7T§07P,uio,P7Tlfo)P | p< T§0>

from which we build (%, u). Set

o0 — 0—[57
§0,0 _ &
ug’” = ug.

Assume we have constructed (@02, uS*?, TSP | p < po).
We have 2 cases:
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po is limit: Set
Vp < po tospo >5 O—éﬁo,P’

utoPo = U usoP U {<@§0,Po’t>} where k°(t) = 7¢.
P<po

We set T50P0 TP o anything we like as we do not use them later.
po = p+1: Let (7) = s50°(2). Set
Wl =
-1
T(;/ = 71—&575[0 (T<017>)’

T = iy o (T0(2))-

7p)<55030>7

If there are
¢y <" uy U{TY'},
dh <" U Ty},
such that
¢ " aheD
then set

a50:Po — mC(q6)7

o [y

0w — T%,

1§mp0::qi\(UYLJ{7W1}%

as"? = me(q}),
Tfo,po _ Tqi7

otherwise set

@50790 —

7507
)
ugoypo — uﬁo,ﬂ7
Toéo,po — Té/7
u§0;00 =0,
)
T =17

When the induction on p terminates we have (a%*, ugo’p, Tgo’p, u%o’p7 Tfo’p | p <
Teo). We continue with the induction on £. We set

Vp < Teo ato >Ei O—ééo,p,

u = | U (@0} where maxs(f) = .
P<T¢,



26 CARMI MERIMOVICH

When the induction on ¢ terminates we have (@, uj | € < ). Let
VE < K a* >gaf,
Py = U u§ U {(@”,t)} where max £°(t) = max pj.
E<k
We set
Levo(TP) = 2% _y Levo(T9).
Let us consider (7) € Levo(T?'). There is ¢ such that %(7) = 7¢. We set
s(1) = {(a@, ma a(7)) | @ € supppy },
5(2) = {{maer a0 (@) } -
Let & = € + 1. By our construction there is p such that

(Ugmpo)(s) = (Ugo’p°)<ssw>

where py = p+ 1. We set
Tpo = 7'(',_1 (TE(LPO) N ﬂ-jl (Tg"a*,&o (D)>)7

(D) a*’,at0:ro a*’,ad
% (9) = T,
8} (7) = af,
Pi(P) = uj

Note that 7% is not legal as tree in a condition because if p/ (7) # () then T?5 (i)
might be defined on a too high coordinate. We abuse the notation because wherever
TS () appears so does p/, (7).

Let us show that p§’ approximates the p* we look for. So let (7) € TP and
assume

(6.4.1a) ¢ <" 1 () U ((p5) ()1,
(6.4.1b) a0 <™ (P (5))os
(6.4.1c) @ "o €D.

Let € be such that £%(7) = 7¢. Set s as
1
2

w

= {{@, 7a+.a(7)) | @ € supppg },

= {{maw,a0(?))} ,

where o =&+ 1, pg = p+ 1. By our construction there is p such that
(u507po)<8§01p> — (uioapo)@).

)

(1)
(2)

Let us set
r = () U { T b ) 7 (o U {TE } ).
By construction we have
(PL®) U ((05")my)1) ~ (96 (m))o <7 1
So what we have is

D3q gy <t
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This is a positive answer to the question in the induction, hence
re D,
which gives us, by openness of D, that
(6.4.2) (1) U ((#5) 1) ~ (25 )))o € D.
Having proved this approximation property of p{’, let us consider the set
B={(n)eT™ | 3¢ < (p1(7) U (05 )w)1) ~((05) )0 a € D}.

Let @* = me(py'). There are 2 cases to be considered:
(1) 3¢ <I(E) B € Ez(Q).

Let us set
p§ = J(01) (Eav 10),
B = me(pS),
A= {D) | ((PDs), = Pr(mge 0o (7))}
Clearly
A e Eg(C)

Let BC >q BCI, a*'. Set
_1 */
TC = ﬂ-ﬁc ax! (Tp(] )'

s

As TP is not legal as a tree we give the necessary modification making 7¢

legal
V7 € Ml 5o (A) TE0) = 75y oo T (g o (P)),
0 w5 e (AD) TO0) = o (o T (g e (P)),

P =pSUpy U {(ﬁc,t>} U {TC} where maxt® = pf.
The nice property of p¢ is that when (v) € T (3¢ Bgl)*l(AC) we get

)y <" (01 (mg¢ 5o () U (0 Ve oomp)t)
(86 (s ur (2o

We set
Pt =7,
A = Levo(T¢) N (Wﬁ—cﬁc/)flflc,
and show that the claim is satisfied: Assume that
{v) € A,
¢ <" ((P") o)1,
a0 <" ((P)z))o;

/o~

¢ g€ D.
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Note that
(P) @)1 <" P o) U (P ) (s (o)1
()0 < (@) im oo
Hence, we know that
¢ <" P (¢ 5o (1) U0 ) (e s (o015
0 <" (06 ) ¢r e pur@))05

/o~ !

@ q€ED.
This is the assumption (6.4.1). So from (6.4.2) we know that
(P1(mge aur () U (05 ) (s i o))1) (0 Vg s ))o € D
hence by openness of D
(P")wy € D.
(2) V¢ <1(E) B ¢ Ea«(¢) which is the same as saying that
{(n) e T | Vg <* (P () U (05 )29)1) ~((95) ()0 @ & D} € Earr.
In fact from the construction we can see that

{(9) € TP | P () = 0} € Eger.

So we really have
A={(D) €T | Vg <* 0) sy q & D} € Ege
and the completion is quite easy now, we set

Tp* _ Tp*/ FA

p* =py U {Tp*}.
[l

Claim 6.5. Let D be dense open in Pg/P:, p =po € Pp/P:. Then there is p* <* p
such that one and only one of the following is true:

(1) There aren < w, S C ij* [[Vi]™ such that
(11) VE < n3§ < I(E) SHCS(<Z71, .. .,l7k>) € Emc(p*)(g);
(12) v<l71a .. '7l7n> €S (p*)(ﬁl,.“,ﬁ,ﬁ € D7

(2) Vn < w Y(D1,...,0,) € TP Vg <* (0*)r,...om) 4 E D.

Proof. Let p° = p.
Generate p"t! <* p™ by invoking 6.4 for n + 1 levels.
Take Vn < w p* < p™. O

Claim 6.6. Let D be dense open in Pg/P:, p = po € Pg/P-. Then there are
n<w,p* <*p, S CTP |[V.]" such that
(1) VEk < nEI{ < I(E) SHCS(<51, c. _k>) (S Emc(p*)(f);

(2) Y(U1,...,0n) €8 (P )(z1,....5,) € D.
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Proof. Towards a contradiction, let us assume that the conclusion is false. That
means that for all p* <* p, for all n < w, for all S C T? [[V,]" such that

Vk <n¥(D1,...,01) € S3E <UE) Sucs((P1,...,0k)) € Emep) (&)
we have
@1, 00) €S (D) oy,...00) E D-

We construct a <*-decreasing sequence as follows: We set p’ = p. We construct
p™*! from p™ using 6.4 for n + 1 levels. Due to our assumption we get

V<l71, RN l7n> S Tpn Vq S* (pn)@h“_’,;m q ¢ D.
We choose p* such that Vn < w p* <* p™ we get
Vn < wv<l71, Ceey I7n> S Tpsl Yq <* (p*/)(517»--75w,> q ¢ D.

Construct tree T from T%" using 4.10. Let us call p* the condition p* with T
substituted for 7?". Now if we have

q<p
then there is (i1,...,7,) € TP such that

<" () (51,

Hence

q¢D.

However, D is dense. Contradiction. ([l

Claim 6.7. Let D be dense open in Pz, p=p1 " po € Pg. Then there is p* <* p
such that

38T INV(D1 1, Tmy) €S .38 IngY (Do 1, -y Do) € SO

(p}j)<l71,17~-7171,n1> RN A(p6)<170,17"'al70,n0> Sy

where
(1) 5 C TPV,

(2) VI < nfv’(z?l, . ,171> €S 3¢ SUCSz‘(<l71, .. .,l7[>) S Emc(pj)(g)

Proof. Let € be such that p; € P.. We prove that there are n < w, p§ <* po,
q1 <p1, S C TP |[V,]" such that

(1) Yk <n3¢ <UE) Sucs((71, .-, 7)) € Bme(pr)(€),

(2) V<Dl, ey Dn> es q1 A(p*)@;l,m’,;n) e D.
Set

E={rePz|3¢ ¢ " reD,q <pi}.

This F is dense open in Pg/P:: Let r € Pg/P:. Then p; ~r € Pg. By density of
D, there is ¢ — s € D such that g1 < p1, s < r. By the definition of F, s € F.
Hence E is dense. Openness of F is immediate from openness of D.

By 6.6 there are pf <* pg, S’, n < w such that

(1) Vk < nﬂf < I(E) SU.CSI(<517 .. .,ﬂk>) c Emc(p*)(g)a
(2) Y(O1,...,00) €5 (D) 54,....00) € E.
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This means that V{01, ...,7,) € S’ there is ¢; (¥1,...,7,) < p1 such that
V(01,0 on) €8 qu(@1, -, 0n) " (00) (51,5 € D-

As |P:| < Kk, ¢1(P1,...,7y) is in fact almost always constant. Hence, by shrinking
S’ to S and letting ¢; be this constant value, we get

VU1, Un) €5 17 (P0)(54,...5m) € D.

With this, we finished the first part of the proof. We use this claim for all conditions
in P..

Let P: = {p$ | ¢ < A} where X < k.

We construct by induction a <*-decreasing sequence (pg | ¢ < A). Set

Py = po.

Assume we have constructed (p§ | ¢ < o).

(o is limit: Choose pg® <* pg for all ¢ < (p.

Co = ¢ + 1: Use the first part of the proof on p% Apg to construct pg°.
When the induction terminates we have (p§ | ¢ < A). Choose

V¢ < A pi <* ps.
Let
De={q1 € P-|3In3SV(01,...,vn) €S q1 A(pé)wl,.wan) € D}.

D¢ is dense open: Let ¢; € P-. Then there is ¢ such that ¢; = pg. By the induction
we have that there are n, S, r; < ¢; such that

V(D1 Tn) € 8117 (D) 5y, € D.
By openness of D we get
(U1, ..y Un) €8 117 (D0)(51,.5m) €D
Hence
r1 € De.
As D¢ is dense open we can use 6.6. Hence there are p? < py, S, n; such that
V(71,0 Uny) €8 (P1) (o) € De
This means that

V<51,1, Ceey Dl,n1> S Sl 35 In V(Do’h ey EO,n> €S
(pﬁf)<l71,1,m,l71,n1> A(pzc))(ﬁo 1yees0,m) €D,
which is what we need to prove. ([l

Finally, we add the last touch.

Proof of 6.1. The proof is done by induction on k. The case k = 1 is 6.7. We
assume, then, that the theorem is proved for k and prove it for k + 1.

Then p = pg+1 " pPr " ---po- Let € be such that pyp1 € P-. We just repeat the
proof of 6.7 with P: and use the induction hypotheses to conclude the proof. [
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7. PRIKRY’S CONDITION

Theorem 7.1. Let p € Pg and o a formula in the forcing language. Then there is
p* <* p such that p* || o.

Proof. The set {q € Py | q || o} is dense open. Assuming p = pp ~ -+ pg and
using 6.1 we get that there is ¢ <* p such that

HS’“ H’I’Lkv<f/k)1, Ceey Dk7nk> S Sk ...38° 377,0V<l70,1, ey Do7n0> € S0

o A(p8)<l70,17m,170,n0> || g.

—~

(pZ)<l7k,1,mJ7k,nk)
Recall that we really should write
Skil(ﬁk,lv ) Dk,nk)7

k=2~ _ _ _
ST (Ok1s s Vkng s V=115 - - s Vk—1,n8 )

In order to avoid (too much) clutter, we use the following convention in the proof.
When we write

we mean that

(D11, V1) €S
and r(7) is
(Qk)<ﬁk,17...,ﬁk,nk) RN A(q1)<171,1,...,171,n1>~
We start by naming qo as ¢g° and 7% as T%"0. For (1,...,Un,—1) € SY set
A% = (D) € Sucrome ((T1,- -y Tp_1)) | 7(7) ”(qg°)<,;1’,..79n0> IFo},
AL = {{Dy,) € Sucrome ((P1, ..., Upg—_1)) | 7(¥) A(‘Igo)(m,...,z?n@ Ik —o}.
Note that
Sucgo ({71, ..+, Uny_1)) € AU AL,
A'nAt =9
Hence, there is ¢ < 1(E) such that one and only one of the following is true:
(1) A% € Epg(qno)(6),
(2) Al € Bpo(gro)(9)-
In either case, using 4.8, we can shrink Tfi;?ffwl;nr1> and get a condition ¢, such
that r(7) ™ ¢
So we shrink now 7,2 ,y forall (71,...,75,-1) € S% and we call this tree

(’/17'--757107

T9m0=1 The name of the condition ¢ with %m0~ substituted for 79" is gj* =",
no—

dp

_ _ .
DlyesVng—1) ”

1 .
satisfies

V{1, Upy1) € S° r(ﬁ)ﬂ(qg"_l)(— y | o

UiyeesVng—1
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We are now in the same position as we were when setting ¢;°. So by repeating the
above arguments we get

o> qo=qf° ST > > gh > g
such that for each | = ng,ng — 1,...,1,0
V<1717. . .717[> S SO T(ﬁ)/\(q(l))ojh...,ljl) || ag.
Specifically we get
(@) " (a5) || o

Of course ¢ depends on 7. Note that we got from ¢j° to ¢ only by shrinking the
trees. So, we repeat this process for all 7 calling the resulting condition ¢J (7). So
we have
vie [ 8'r@) " @) |l o
1<i<k
By setting
TPs = ﬂ 7% (?)
7
and letting p§ be go with TP substituted for 7% we get
vie [[ $'r@ il o
1<i<k
We are in the same position as in the beginning of the proof. So we can generate
in the same way p} from p; and so on until we have

P ol

8. PROPERNESS

The notions (N, P)-generic and properness, as defined by Shelah [9], are as fol-
lows:
Definition 8.1. Let N < H, such that
(1) |N| =w,
(2) PeN.
Then p € P is called (N, P)-generic if
pl-"VD e N Disdense openin P = DNGNN#0".
Definition 8.2. A forcing notion P is called proper if for all N < H, such that
(1) [N] = w,
(2) PeN,
and for all ¢ € PN N there is p < ¢ which is (N, P)-generic.
We adapt these definitions for our needs (namely, larger submodels), keeping the
original names:
Definition 8.3. Let N < H, such that
(1) [N] = &,
(2) N2V,
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(3) N 2 N<~,
(4) PeN.
Then p € P is called (N, P)-generic if

pl-"VD e N Disdense openin P = DNGNN#0".

Definition 8.4. A forcing notion P is called proper if for all N < H, such that
(1) [N| =k,
(2) N2V,
(3) N2 N<*r,
(4) PeN,
and for all ¢ € PN N there is p < ¢ which is (N, P)-generic.

It was brought to our attention by the referee that Woodin initiated the use of
proper forcing arguments to show cardinal preservation in Radin-style forcing.

Claim 8.5. Letp € P, N < H, such that
(1) [N| = &,
(2) N2V,
(3) N2 N=F,
(4) Pg €N,
(5) pe PyNN.
Then there is p* <* p such that p* is (N, Pg)-generic
Proof. Let p = prp) - P17 po.
Let (D¢ | £ < k) be an enumeration of all dense open subsets of Pz which are in

N. Note that for £ < k we have that (D¢ | £ < &) € N.
We start now an induction on £ in which we build

(@, uf | € < k).

The construction is done ensuring that (a¢,ué | £ < &) € N for all & < k. We
start by setting

u’ = po \ {T™},
&0 = mc(p0)7

T° = TP0 M;O{O{f/ | K%() is inaccessible},
and taking an increasing enumeration in N
{°(0) | (7) € T°} = (7e | £ < K).
Assume then that we have
(@%,ut | € < &)

The constructions splits now according to whether &; is limit or successor. In both
cases the work is done inside N.
&y is limit: Choose a® >gaf for all £ < & and set

ut® = U ut U {(a%,t)} where k%(t) = 7¢,.
£<&o
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& =&+ 1: For each vy,..., 7, such that k%(v;) < -+ < K0(,,) = 7¢ we set
S(ﬂlw"vﬁn) :( H {/j’l |K0(ﬂ1):"<‘:0(ﬁ1)})x
aesupp ué
( II An2 | 6°%) = £°(w2)})
acsupp ué

( II A | 5%, = £°(7)}) %

aesupp ué

{T1,...,0n)}.
Let
S = U S(1,... Ty)

KO(D1)< - <KkO (D )=T¢
and set enumeration of S
S = (50 | p < 7¢,).
We do induction on p which builds
(60,000,757 < 70,
from which we build (%, u). Set
atof = at,
ugo’o = ug.
Assume we have constructed (@0, ul®?, TSP | p < po).
po is limit: Set
Vp < po @50P0 >pator,

us0 PO = U utoP U {(&Eo’po,t>} where k%(t) = 7¢,.
pP<po

We set T 70 to anything we like as we do not use it later.
po=p+1: Let s5P(n(s) +1) = (U1,..., ).

u = (ug()7p)<350,p>7
T(;/ - ngl,ao (T<01717--~"7">)7

T = wr;i(u/{)’ﬁn (T oy (Zn)),

.....
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Take enumeration

{D; | 0 < Te}x
{ala<prp) ™ " P17 U VLT T U{TY =
<<E€07poac’q€07po7C> | ¢ < 7g,)-
We start induction on (. Set
Fo:p0,0 — d&om7

0
ugm/Io, o:p

=u
Assume we have constructed (o‘zfo”’o’g,ugo’p"’c,Té“’p"’c | ¢ < <o)
Co is limit:

V¢ < Go FE0:P05C0 >5 @5071)07(’

ugoypo’Co _ U ugo,Po’C U {<d€0,poyC0’t>} where Iio(t) = 7e,.
(<o

We set T¢0:P0:$ to whatever we want as no use of it is made later.
Co=C+1: We set

U = (ugmpm()sfow ,

1" -1 0

0 = T5¢0.p0:¢,50 % (D1,eesDp) "
If there is
up <" ug U{Ty'}
such that
qﬁo’PmC U u6 € Efo:po¢
then set

G000 = me(up),
uf P = U (i \ (g U {77 })),
T€0:p0:C0 — T“é’
otherwise set
FE0:P0:G0 — @EoyﬂoyC’

£0,p0:C0 __ ,,£0,P0,C
Ug = Ug ’
£0,00,C0 __ it
Toroo — T

When the induction on ¢ terminates we have (@f0-0:¢ 4§ P0¢ T€0r0:C | ¢ < 7¢.)
We continue with the induction on p. We set

V¢ < Teo tospo >5 d50,007C7

usO PO = U usO P {(a%oro 1)} where k°(t) = 7¢,.
C<7—50

35
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When the induction on p terminates we have (a0, uS>? T¢» | p < Teo). We
continue with the induction on £&. We set

Vp < T, @0 >g a0,
u§’ = U u§** U {(a*,t)} where °(t) = 7¢,.
P<Tgq

When the induction on ¢ terminates we have (af,u | € < k). We note that this
sequence is not in N. Let

Vé < k a* >gat,
Py = U ug U {{a*,t)} where £"(t) = max p.
<k

: n o s n
We construct a series of trees, R", and T%0 is [, _, R".

Levo(R%) = ﬂgf a0 Levo(T7).
Let us consider (/1) € Levo(R®). There is £ such that £°(71) = 7. We set
s(0) = {{@, 75+.a(1)) | & € supppg},
3(1) = {<7T5(*,5¢0(171)>} .
Let &g = £ + 1. By our construction there is p such that
(Ugo’p0)<s> = (Ugo’p0)<s£w>7
where pg = p+ 1. We set
R%ﬁﬂ = ﬂ-a—*l (TEO,PO) n ﬂ_a—*l B (T<O

,&£0:P0 ,af ”&*,a0(91)>)'

Assume that we have constructed R™. We set the first n levels of R"*! to be the
same as the first n levels of R™ and we complete the tree as follows. Let us consider
(U1,...,Uy) € R™. There is £ such that k%(7,) = 7c. We set s as follows

V1 <k <ns(k)={{(amaalv) | & €supppyt,
s(n+1)= {<7Ta*,a0(’71)a <o TTax a0 (1771»} .
Let &g = € + 1. By our construction there is p such that
(g )gs) = () sty

where pg = p+ 1. We set

+1 -1 £o, -1 0
R?Dl,...,ﬂn) - ﬂa*,dﬁo,ﬁo (T ’ ﬂo) N T &0 (T(Wd*,&o(lﬁ),m,‘fra*,ao (Pn)))'
After w stages we set
7% = (| R".
n<w

We finish the construction by setting
P =prp) T P1T Do
We show that p* is as required.

Let G be Pg-generic such that p* € G. Let D € N be dense open in Pz. We
want to show DNG NN # ().



EXTENDER BASED RADIN FORCING 37

Choose ¢ ~ 19 € D NG such that
ro <* pg,
Q<pry Ty Y,
where

(71,...,0n) € domTP0,
“O(ﬂn) =T¢,
D e (D¢ | ¢ <),
P = (06) 1)

We set s to be
V1 <k <ns(k)={{a,7maa(@)) | @ € supppg},
s(n+1) = {(ma= a0 (1), ..., Tae a0 (n)) } -
We get that
(P0) (71,.00sm) = (PG (5)-

We let §g = £+ 1. Recall the enumeration of S in the construction. There is p such
that

(po \ {{me(pg), (p6)™)}) (sy U {(me(pp), (p5)™)} = (0 sc0-e)-

We let pg = p + 1. Considering the construction of T?0, we see that
TP > < T0:Po

(D1,..s0n
hence

§0,p

(PS)(b) S* (u() 0)<s£0,p0>.

‘We note that
V1 <k <npj=(05)s)k

Recalling that ¢ was chosen so that

—~ —~ I —~ —~

q<DPr@p) - P11 Py P

we conclude that there is ¢ such that ¢ = ¢50°0:¢ and D = E¢-r0:¢_ That is

F&0:p0:6 qioypo»C Ty <* qﬁo»PoyC A((Uéo’po’g‘)(sﬁo,ﬂ)&

Note that this is an answer to the question we asked in the construction. Hence,
due to elementarity of NV, there was such a condition in V. Hence

qsoPos A((u&”po’c)@go,p))o e DNN.
The last point to note is that
g0 T ((W0P00) gy o =T TP T P >t g T € G
Hence
g% T ((WEP00) oy )o € G

Corollary 8.6. Pg is proper.
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9. CARDINALS IN VP5
Lemma 9.1. &1 remains a cardinal in Ve .

Proof. The proof really has no connection to the specific structure of Pz. It is an
exercise in properness.
Let
pl-"fiR— Rt
Choose x large enough so that H, contains everything we are interested in. Take
N < H, such that
(1) p.Pg, f €N,
(2) IN| = &,
(3) N2V,
(4) N D N<*-,
By 8.6 there is ¢ < p which is (N, Pg)-generic. Let us set
A=NnkT,
where ) is an ordinal < k™.
Let G be Pg-generic with ¢ € G. The (N, Pg)-genericity ensures us that for all
€ <k f(ONE € N and f(6)NE] = f(&)HxIC]. Hence ran fVI¢] C A. That is

ql+ rJf”vis bounded in £t .

Lemma 9.2. No cardinals > k are collapsed by Pg.

Proof. k™ is not collapsed by 9.1. No cardinals > k¥ are collapsed as Py satisfies
kTt-c.c. O

Lemma 9.3. Let ¢ < &k and ¢ the ordinal such that kK°(Eg(¢)) < €& <
KY(Eq(¢C+1)). Then P(E)NVIG] =P(€)NV[GIC].
Proof. Take p = p, ™+ " prs1 " pr -+ po € G such that E(prt1) = Eq(C),
E(pr) = Eg(¢+1). We know that V[G] = V[G/p]. So we work in Pg/p. Set p' =
P T pket, P = {(Ec(€)0)} " pr " -+ " po. Then Pp/p = Pplp' x Pglp".
Note that (Pg/p", <*) is kK%(Eq(¢ + 1))-closed. In particular it is £+-closed.
Let A € V]G], A C&. Choose A, a canonical Pg /p-name for A. Let q € Pg/p".
By induction we construct (g, | 7 < &) satisfying
(1) To < T1 :~> qry < qro s
2) ¢ || ' TeA
Choose g¢ <* ¢, for all 7 < &.
By density argument we can construct, B , a P[p'-name such that A = E[G] =
B[G1p!). O

Corollary 9.4. No cardinals < k are collapsed by Pg.

Proof. Let G C Pj be generic. Assume A < & is a collapsed cardinal. Let u =
IMVIEL We have p < A, and there is A € P(u)VI¢! which codifies the order type
M. Let ¢ be the unique ordinal such that k°(Eg(¢)) < p < k%(Eg(¢ +1)). By
9.3 A € VIGI(]. Hence A is collapsed already in V[G[(]. However, by 9.2, P, ()

collapses no cardinals above k°(Eg(¢)). Contradiction.
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So, no cardinal < k is collapsed. As k is a limit of cardinals which are not
collapsed, it is not collapsed. O

We have just shown

Theorem 9.5. No cardinals are collapsed in V' E.

10. PROPERTIES OF  IN V'
Theorem 10.1. If1(E) = st then VIE E "k is reqular .
Proof. Let A < &, fbe such that
Fpy "fA— R
Let
Do ={p|3ipl"f(0)=T7}.
As Dy is a dense open set we can invoke 6.1 to get p°, ng, S° C TP such that
Vk < no¥(vi,...,v) € 83 <UE) Sucs((V1,..., V) € Emepo)(€),
(i, .o vp,) € 8" (p’0)<,,hm,l,no> € Dy.
Let us set

AE} = {(p/0)<l/11-~~7l/n0> | (V1505 Vng) € SIO}*

Ap is an anti-chain. By shrinking T?" as was done in the proof of 7.1 we can make
Ay into a maximal anti-chain below p". As A < x and (Pg, <*) is s-closed we can
construct a <*-decreasing sequence

PO > > > T >R L <A
and n,, $'7 C TP such that
Vk <n:Y(vi,...,v5) € 873 <UE) Sucs((v1,...,vk)) € Emepr)(£),
Yt v,) €87 3 (0 ) oy IFFF) =1,
and
AL =L ) 1y | (V15 vn,) €57}

is a maximal anti-chain below p'".

Let p’' <* p'7 for all 7 < A\. We set S™ = W;i(p,) mc(p”')(SlT) and p” to be p’ with
! (T*"") substituted for 77" and maybe shrunken a bit so that

me(p’),me(p’™)

A'r = {(pT)(ul,...,unT) ‘ <7/17 ceey Vn7-> S ST}
is a maximal anti-chain below p”.
Let p <* p” for all 7 < X and let g be the following Pz-name

7= D 0 ) | Ar 3 0 )y FF ) =77 ).
T<A

Then
pIF =3
Let P* be the following forcing notion:
P*={q<pplq€Pg}
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By 5.2 (P*,<pg) is sub-forcing of (Pz/p,<). Hence if G is Pg-generic then G* =
G N P* is P*-generic. ¢ is in fact a P*-name and as can be seen from its definition
9|G] = g[G*] € V[G*]. So in order to complete the proof it is enough to show that
IFp- "g is bounded .

By 5.3 there is 7 € Ry(p) such that P* ~ Ry,.;,)/r. Now we use the following
fact about Radin forcing: When the measure sequence is of length T, x is regular
in the generic extension. Necessarily, IFp- ' ¢ is bounded . O

Definition 10.2. We say that 7 < 1(E) is a repeat point of E if Py = Pg,.

We note, again, our convention that when 7 < 72 we have Pg,, C Pg, . So
the equality in the above definition is meant to be with this convention. We point
out that if 7 is a repeat point then Pg . € M.

Theorem 10.3. If E has a repeat point then VI E Tk is measurable’.

Proof. Let T be a repeat point of E. The crucial observation regarding 7 being a
repeat point is as follows. Let p = p,.0 € Pg. Set a function f(7) = ppynt1..1
for all (7) € T?. Then j(f)(mc(p)|7) € Pg,. By our convention it means
J(f)(me(p)[7) € Pg. Moreover, j(f)(me(p)|7) = p!

We start by showing that for each p € Pg, IFp, "A C &' there is p* <* psuch that
j(p*)<mC(p*)FT> ||J(PE~) R € ](A)—I Note that j(p)(mc(p) Iy = p/—\(j(p)@nc(p) [‘r))0~

Choose x large enough so that H, contains everything we are interested in. Take
N < H, such that p,/NLPE € N, |N| =k, N2V, NDON<" By 8.6 there is
p’ <* p which is (N, Pj)-generic.

Let us fix () € T?". By 7.1 there is ¢ <* Pl such that g [|p, ") e A
Then, by the N-genericity of p/, there is ¢ € N, ¢ <* P ety ety () qd | g,
q |lps "KO(p) € A7, Hence there is ¢* <* q'7p'<l7> such that supp ¢f = supp pj,
g |lp, KO(P) €A

So, for each (7) € TP let g () <* p'<_> such that supp ¢ (7) = supppy, ¢*(7) || 5
"kO(p) € A". Of course this means j(¢*)(me(p’)|7) lipy) K € §(A)". Let us
set rn.0 = j(¢*)(me(p’)|T) € j(Pg). By our convention r, 1 € Pz. Let us set
p* = rn.1. We have j(p") tme(p) ) <™ 5(¢") (me(p'[7)), hence j(p*) (mepe) ) lj(pg)

"k € j(A)" as needed.

Let U be a Pg-name defined by
plFp, "AeU'if{qe P | (@) (me(a) 1) IFj(pg) K € 7(A)"} is dense below p.
We note that as {q¢ € Pg | j(q)(me(q)1-) |li(Py) & € 4(A)"} is dense we have
plrp, "Ag U if {qa € Pg | j(@) (me(q)17) FjPs) "k QJ(K)j} is dense below p.
We show U is a name for a measure on x:
(1) IFp, "0 ¢ U": Immediate due to iy © E3(0)"
(2) p IFp, "A U = »p IFp, rl@'\g eU": So, there is X, a maximal
anti-chain below p, such that ¢ € X = j(q)(mc(q)17) Fj(Pp) "k j(A)".
Then ¢ € X implies j(q)me(q)ir) Fj(Pgs) "k o€ j(k\ g)j This means
plFp, "K\AcU".
(3) pl-"A€eU, ACB'" = pl-"BeU": Obvious.
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4) XN < kK, p IFp, er < >‘/~1§ € U = p IFp, ; Ne<a gg € U’ So,
for all £ < A there is X¢, a maximal anti-chain below p, such that ¢ €
Xe = §(Q) meqin Fipy) K€ j(A¢)". Tt is enough to show {r € Py |
G ) imeryiny Fjpy)  VE<A K E j(ﬁg)j} is dense below p.
Let ¢ = gn.o < p. As {r € Pg | j(r)imemir) Fj(pp) # € §(Ag) '} is
dense below p for all £ < A, we can construct (ré | £ < ), (Y | € < A) such
that:

o £=0: 1Y = qp.
e ¢ is limit ordinal: V&' < & ré <* 7€
o E=¢ 41 rf <F 7“5/, Y is a maximal anti-chain below ¢, 1 and
for all s € Ye S/\j(rg)(mc(q)h—) le(PE) "k € j(Ag/)j;
Then we have ¢, 1 “j(r’\)<mc(rx)m Fipy)  VE< AK€ (Ae).
O

We note that actually the measure U constructed in the above proof is normal.
Moreover, we can construct an extender, lifting £(0), by deciding formulas of the
form a € j(A) for a € dom E(0).

11. WHAT HAVE WE PROVED?

We can sum everything as follows:

We can control independently two properties of k in a generic extension. The
first is the size of 2% which is controlled by |E|. The second is how ‘big’ we want x
to be which is controlled by 1(E).

12. GENERIC BY ITERATION

Recall that if R is Radin forcing generated from j:V — M then there is 7 and
G € V such that G is jo - (R)-generic over M.

Our original aim was to find some form of this claim for our forcing. We have a
partial result in this direction. Namely, when 1(£) = 1 we have a generic filter in
V over an elementary submodel in M,,,.

In this section we assume that 1(E) = 1.

Let us take an iteration of j = jo1

<<Mﬂ | n < W>7 <jn,m | n<m< w))

Choose x large enough so that everything interesting is in H, (i.e. Pz € H,) and
set

= jO ’n("i)v
E),
Pp)(= Pgr),

- JO n(
= ](Ln(
= Jon(X)-

Definition 12.1 (when I(E’) =1). We call (N,p) a k-pair if
(1) My E :N =< H%’jj,

(2) My = |[N|= &y,

(3) M E"N2DVM?,

(4) M E"N D N<re',
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(5) pe PP N jrra(N),
(6) If D € N, D is dense open in P* then there are n, S < TP such that

V<V17 SRR Vn> es (p)(ul,...,un> € jk,k+1(D)~

Claim 12.2. Let N € My, k < w and q € ji p+1(N) N P**Y such that M, satisfies:
(1) N<HMx,
(2) |N| = Kk,
(3) N2V,
(4) N2 N,
(5) P* e N.
Then there is p € jx xr1(N) N PETY such that
(1) p<*q,
(2) (N,p) is a k-pair.

Proof. Let <D’g | € < ki) be an enumeration, in My, of all the dense open subsets
of P* which are in N. Set N1 = jik r+1(IV). As we have

(Jre+1(DE) | € < ki) € Nigr,
(Jre+1(DE) | € < ki) € My,

r <Hk:+1—‘
Miyr E N1 D NS

we get that
(kari1(DE) | € < kr) € Niyr.

Starting with ¢ we construct in Ni4q a <*-decreasing sequence (p¢ | £ < k) using
6.1. Note that we have no problem at the limit stages as N1 F F<P’“+1,§*
) is Kpy1-closed . Choose now p € P**1 N Ny such that V€ < ky p <* pe. We
get that (N, p) is a k-pair. O

Definition 12.3. We call (1\7 ,D) a P¥-generic approximation sequence if
(N, D) = (N, pF1) | o < | < w)

such that for all kg <k < w

1) M E '_Nk < H%k—l7

2) Mk = r|]\fk‘ = Iik—l,

3) M E '_Nk B Vﬁj\;jk—l,

4) My E"Np D N<re '

) Pk ¢ Ng,
) (Ni,p") is a k-pair,
)k ks (Nky ) = N,
) k+1

8) P"% < (kg k2P (o) -

Definition 12.4. Let <]\7, 7) be a P“-generic approximating sequence. Then
G((N, ) = {p € P* | 3h jrulr™) <* p).
Claim 12.5. Let kg < w, q € Pkon N, and assume for all kg < k < w
(1) Pk e N,

(2) Jrg+1(Ng) = Nig1,
(3) My E ,_Nk < H%k—l,
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here is a P“-generic approximating sequence
(N, B) = (N, p*1) [ ko <k < w)
such that pFoth <* Jko.ko+1(4)-

Proof. We construct the p**1 by induction. We set pko = q.

Assume that we have constructed (p¥ | ko < k' < k). We set ¢"t! =
ki1 (D7) (me(pryy - Invoke 12.2 to get pT <* ¢F*! such that (N, pFtt) is a k-
pair.

When the induction terminates we have ((Ny,pF*™1) | kg < k < w) as required.

O

Claim 12.6. Let kg < w and assume
(1) My, & "Ny, < He”,
(2) My, E"|Ng| = Ky
(3) My, E"Ni, 2 Vnﬁkoj,
(4) My, "Ny, 2 N7,
(5)
6) ¢ € PN Ny, .
Then there is a P¥-generic approrimating sequence
(N,§) = (N, 1) [ o <k < w)
such that pFott <* ji 1 1(q).
Proof. We set Ni, = ji, .k (Ny,) for all kg < k < w and then we invoke 12.5. O

Theorem 12.7. Assume

)

)

)

) PY€eN,

) g€ P*NN.
there is, in 'V, a filter G C P“ such that
) 4 € G,
)

Proof. We find, (N,p), a P“-generic approximating sequence. G({N,p)) is the
required filter.
Find ko and Ny, ¢® such that

P* ¢ Ny,
jk)o,w(Nk}o) = N7
jko,w(qko) = q

Invoke 12.6 to get from N0 gk a generic approximating sequence (J\7 ,D)-
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Let D € N be dense open in P¥.
Find k > k¢ and D* such that jkw(Dk) = D. As usual we set DF = jk7k+l(Dk).
By construction there is n such that

Y, o) € TP (0 ) 4y € DFFEA Ny,

n

which means that

- k+1 k+1
Thr1 et 140 (P ) me(o 1), i (me(prr1y)) € DM O N1,

Hence
(1271) jk+1,w (pk+1)(mc(p’“rl),...,jk+1,k+n(mc(pk+1))) e DNN.

As (J\_f , D) is a P¥-generic approximation sequence it satisfies

k14 - k41
P S Gkt ke 1 (DT ) me(oh ) i g g (me(pR 1)) -

Hence

jk+1+n7w(pk+1+n) S*
. k+1
Tt 10 (") me(ph 1), i (me(pb 1))

giving us that
(12.7.2) 10 P tmeph 1), s (meer+1))y € GUN, D)),
so G((N,p)) NDNN # 0 by 12.7.1 and 12.7.2. 0

13. CONCLUDING REMARKS

(1) A definition of repeat point that depends only on the extender sequence
and is equivalent to the one we gave (which mentions Pg) will probably be
useful.

(2) Tt is not completely clear what 1(E) should be in order to make sure that
E has a repeat point.

(3) A finer analysis in the case of measurability and stronger properties is
needed. For example, extending the elementary embedding to the generic
extension, and not just constructing a normal ultrafilter.

(4) We do not know how to get a generic by iteration when 1(E) > 1.

(5) Making this forcing more ‘precise’ by adding ‘gentle’ collapses so we get a
prescribed behaviour on all cardinals below x in the generic extension is in
preparation.
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