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® Introducing boolean algebras

® Present examples for their usage
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Boolea n a Igebra Boolean Algebras
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Boolean Algebra

Definition
The structure (B,0,1,+,-,7), where
® B is a set,
® (0 and 1 are constants (presumbly, not equal), e
® + and - are binary operators (i.e., 2-ary functions),
® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y,
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Boolean Algebra
Definition
The structure (B,0,1,+,-,7), where

® B is a set,

® (0 and 1 are constants (presumbly, not equal), e
® + and - are binary operators (i.e., 2-ary functions),
® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y,
Neutrality: z+0=2 z-1==z
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Boolean Algebra
Definition
The structure (B,0,1,+,-,7), where

® B is a set,

® (0 and 1 are constants (presumbly, not equal), e
® + and - are binary operators (i.e., 2-ary functions),
® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y,
Neutrality: x+0==z r-1l==x
Comutativity: z4+y=y+z z-y=y-x

Q
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Boolean algebra

Definition
The structure (B,0,1,+,-,7), where
® B is a set,
® (0 and 1 are constants (presumbly, not equal),
® + and - are binary operators (i.e., 2-ary functions),

® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y,
Neutrality: z+0=rc z-1l=x
Comutativity: z4+y=y+=z TY=yY-T
Associativity: (z+y)+z= (x-y)-z2=

T+ (y + 2) - (y-2)
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Boolean Algebras

Boolean algebra

©C.M.

Boolean Algebra
Definition
The structure (B,0,1,+,-,7), where

® B is a set,

® (0 and 1 are constants (presumbly, not equal), e
® + and - are binary operators (i.e., 2-ary functions),
® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y, z,

Neutrality: z+0=rc z-l=x
Comutativity: zt+ty=y+=zx TY=yY-T
Associativity: (x+y)+z= (z-y)-z=
T+ (y + 2) - (y-2)
Distributivity: - (y +2) = z+(y-z) =
9 A & (x+y)  (x+2)
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Boolean Algebra
Definition
The structure (B,0,1,+,-,7), where

® B is a set,

® (0 and 1 are constants (presumbly, not equal), e
® + and - are binary operators (i.e., 2-ary functions),
® ~is a unary operator (1-ary functions),

is a boolean algebra if the following hold for each z, y, z,

Neutrality: z+0=rc z-l=x
Comutativity: zt+ty=y+=zx TY=yY-T
Associativity: (x+y)+z= (z-y)-z=
T+ (y + 2) - (y-2)
Distributivity: 2 - (y +2) = +(y - 2) =
T Y+zx-2 (x+y) (x+2)
Complement: r+zr=1 r-T=0




Ifry=0,x4+y=1,2xz=0andx+ z=1 then y = z.

O
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Minimal Boolean Algebra Fooiean Algebras
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Lemma Minimal BA

Assume B is a boolean algebra. Then the set of constants
{0,1} is closed under the operators +, - and . (i.e., {0,1} is
a boolean subalgebra of B.)

Proof.

1. 7 By the relevant neutralities of 0 and 1 we have
0O+1=1and0-1=0. ThusO=1and 1=0.
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Proof.
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Lemma Minimal BA

Assume B is a boolean algebra. Then the set of constants
{0,1} is closed under the operators +, - and . (i.e., {0,1} is
a boolean subalgebra of B.)

Proof.

1. 7 By the relevant neutralities of 0 and 1 we have
0+1=1and0-1=0. ThusO=1and 1=0.

2. -: By the neutrality of 1 we get 1-0=0-1=0 and
1-1=1. For 0-0 we work as follows.
0-:0=0-0+0=0-0+(0-1)=0-(0+1)=0-1=0.

3. +: By the neutrality of Owe get 1+ 0=0+1=1 and
0+0=0. For 1 +1 we work as follows.

141 =(141)-1 = (141)-(140) = 1+(1-0) = 1+0 = 1.
O

5/68



Boolean Algebras

Truth table form of the lemma
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Minimal BA

O = &I

— _ O OlR
— O~ Ol
- o O O -
— = O OlR
— O = Ol
== = o4

® |f there is a boolean algebra then
» its 0 and 1 follow the above tables

® No boolean algebra has been spotted as of yet!

The 2-Valued boolean algebra

Let us take the truth tables above as a definition.
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Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem
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1100 1 1 1
1111 1 1 1
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©C.M.

Boolean Algebra
Minimal BA
Convention
Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



Distributivity of + over -

zyzly-zz+@y-2)c+yz+z (+y) - (x+2)
000 O 0 0 0 0
001 0 0 0 1 0
010 0 0 1 0 0
011] 1 1 1 1 1
100 0 1 1 1 1
101} 0 1 1 1 1
1100 1 1 1 1
1111 1 1 1 1

10/68
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Distributivity of + over -

zyzly-ze+y-2) c+yz+z (x+y) (z+2)
000 O 0 0 0 0
001| 0 0 0 1 0
010 0 0 1 0 0
011] 1 1 1 1 1
100 0 1 1 1 1
101} 0 1 1 1 1
1100 1 1 1 1
1111 1 1 1 1
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©C.M.
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y-zz+y-z) ztyztz (@+y) - (+2)

oolean Functions

Ty z
000 O
Definable functions
O O 1 0 Truth tables
0 1 0 0 Seven segment
011 1 mod 3
100| O Definability
Unwinding
1 O 1 0 Addition
1100 Half adder
]_ ]. ]_ ]_ Two Bits Adder
Full adder
n-Bits Binary
Adder
Field of Sets

Stone’s Theorem
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({0,1},0,1,4,-,7) is a boolean algebra.

Only the 2-valued boolean algebra is used
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Minimal BA
Convention
Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



1. The *-" symbol can be dropped, i.e., zy =z - y.

2. "' takes precedence over '+, e.g., v +yz =z + (y - 2).

12/68

oolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



Boolean Functions Sooiean Algebras
©C.M.
Definition

A function f : B™ — B™ is called a boolean function.

Boolean Functions

Note

1. ~is a l-ary function

2. Both - and + are 2-ary functions
Exclusive-or, xor (&)

This is a function we all know and we use infix notation for it

T Yy|lrDy
0 0 0
0 1 1
1 0 1
1 1 0
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Boolean Algebras

Definable Functions

©C.M.
® There might be functions without a defining formula
® This is the situation with functions R — R
Defl nition Definable functions

® A boolean function f is definable if it falls into one of
the following cases:
» f=0or f=1or f =u,.
> f = (g), where g is a definable
(fo + f1) where both fo and f; are definable
o0 - f1) where both fy and f; are definable.

> =
> =
» f=g(ho,...,hn_1) where g, hq, ..., h,_1 are definable
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Truth ta bles Boolean Algebras

©C.M.

Boolean Algebra
Definable functions have a truth table representation Minimal BA
Convention

Boolean Functions

f(x7 y7 Z) =T + yz Definable functions
T Yy z|y-z €T _|_ Y-z Truth tables
0 0 0 Seven segment
mod 3
0 0 1
Definability
010 Unwinding
O 1 1 Addition
]. O 0 Half adder
1 O 1 Two Bits Adder
1 1 0 Full adder
n-Bits Binary
1 1 1 Adder
Field of Sets

Stone's Theorem
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Boolean Algebra
Definable functions have a truth table representation Minimal BA
Convention

Boolean Functions

f(x7 y? Z) =T + yz Definable functions
T Yy z|y-z €T _|_ Y-z Truth tables
Seven segment
0 0 0| O
mod 3
0 0 1] O
Definability
01 0| O T
0 1 1 1 Addition
]. O 0 0 Half adder
1 O 1 O Two Bits Adder
1 1 0 0 Full adder
n-Bits Binary
1 1 1 1 Adder
Field of Sets

Stone's Theorem
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Truth ta bles Boolean Algebras

©C.M.

Boolean Algebra
Definable functions have a truth table representation Minimal BA
Convention

Boolean Functions

(x Y,z ) T+ Yz Definable functions

r Yy z|y-z r+y-z Truth tables

0 0 0 O O Seven. segment

DROREN O ¢

01 0] O 0

0 1 1 1 1 Addition

1 0 O 0 1 Half adder

1 0 1 0 1 Two Bits Adder

1 1 0 0 1 Full adder

1 1 1 1 1 PR
Field of Sets

Stone's Theorem
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Truth ta b|es Boolean Algebras

©C.M.

Boolean Algebra
Definable functions have a truth table representation Minimal BA
Convention

Boolean Functions

(1’ Y,z ) T+ Yz Definable functions

T Yy z|Yy-z T+Y- -2 Trch abls

0 0 0 O O Seven. segment

SO I 0

01 0| O 0 Unwinding

0 1 1 1 1 Addition

1 0 0 0 1 Half adder

1 0 1 0 1 Two Bits Adder

1 1 0 0 1 Full adder

111 1
Field of Sets

Stone's Theorem
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Why Definable Functions? pocicen Alechres

©C.M.

® Definable boolean functions can be realized in hardware
® Boolean functions can realize useful operations

® \We need some motiviation!

Truth tables

16 /68
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Boolean Algebras

©C.M.

Boolean Algebra
Minimal BA
Convention
Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



® Seven segment
® mod 3
¢ Addition

Addition

Half adder
Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem
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Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



Seven Segment Boolean Algebras

©C.M.

Problem

The seven segment component has seven light segments as

follows:
L]
f b N Seven segment
@ C
L]

b=c=l,a=d=e=f=g=0

Devise a boolean formula accepting a decimal digit and show-
ing it on the seven segment

The function form
® The decimal digits will be coded in binary
® Each of the segments needs its own line
e f={(g,fed,c,ba):B*— B’
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Boolean Algebras

Seven Segment (Symbols to Boolean)

Seven segment

{Rsaigtaiatliaty

L

bo

0

0

by

by

b3

T QO U T O 4+ o
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Boolean Algebras

Seven Segment (Symbols to Boolean)

Seven segment

{Rsaigtaiatliaty

L

bo

0

0

by

by

b3

ot H A H - O

T QO U T O 4+ o
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Boolean Algebras

Seven Segment (Symbols to Boolean)

Seven segment

{Rsaigtaiatliaty

L

bo

0

0

by

by

b3

©O - 4o o oo

T H H A - O

T QO U T O 4+ o
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Boolean Algebras

Seven Segment (Symbols to Boolean)
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Seven Segment (Symbols to Boolean)
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Boolean Algebras

Seven Segment (Symbols to Boolean)

Seven segment

{Rsaigtaiatliaty

L

bo

0

0

by

by

b3
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Seven Segment (thinking)

There are four inputs b3, ba, b1, by

The target functions depend on the decimal digits

(As is evident by the previous slide)

Temporary functions my, . .

., Mg might be easier on us

22/68

Boolean Algebras

©C.M.

Truth tables

Seven segment



Seven Segment (temporary functions)

b3 b2 b1 b() mo MMy Mg M3 My M5 Mg M7 18 Mg
0 000
0 0 01
0 010
0 0 11
01 00
01 01
01 10
01 11
1000
1 0 0 1
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©C.M.

Truth tabl
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Seven Segment (temporary functions)

b3 b2 b1 b() mo MMy Mg M3 My M5 Mg M7 18 Mg
0 0 0 0f1
0 0 0 1|0
0 01 0|0
0 01 1|0
01 0 0|0
01 0 1|0
01 1 0|0
01 1 1|0
10 0 0O
1 0 0 1] 0
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Seven Segment (temporary functions)

b3 b2 b1 b() mo MMy Mg M3 My M5 Mg M7 18 Mg
00001 O
0 00 10 1
001 00 O
001 1}0 O
01 000 O
010 10 O
01 100 0
011 10 O
100 00 O
1 0 0 1|0 O
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Seven Segment (temporary functions)

b3 b2 b1 b() mo MMy Mg M3 My M5 Mg M7 18 Mg
0 00O0)1 0 O
0 00 10 1 O
001 00 0 1
001 1|0 0 O
01000 0 O
010 140 0 O
01100 0 O
011 140 0 O
100 00 0 O
1 0 0 1)0 0 O
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©C.M.
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.

Truth tabl

Seven segment

1
0
0
0
0
0
0

0

0
0

b3 ba b1 bg||mo m1 ma m3 my ms meg My Mg My

0 000
0 0 01

0 010

0 0 11

01 00

01 01

01 10

1 000

1 0 0 1
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.

Truth tabl

Seven segment

1
0
0
0
0
0
0

0

0
0

b3 ba b1 bg||mo m1 ma m3 My ms Mg My Mg My

0 000
0 0 01

0 010

0 0 11

01 00

01 01

01 10

1 000

1 0 0 1
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.

Truth tabl

Seven segment

1
0
0
0
0
0
0

0

0
0

b3 ba b1 bg||mo m1 ma m3 my ms Mg My Mg My

0 000
0 0 01

0 010

0 0 11

01 00

01 01

01 10

1 000

1 0 0 1
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.
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Seven segment

1
0
0
0
0
0
0

0

0
0

b3 ba b1 bg||mo m1 ma m3 my ms meg My Mg My

0 000
0 0 01

0 010

0 0 11

01 00

01 01

01 10

1 000

1 0 0 1
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.
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©C.M.
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Seven Segment (temporary functions)

©C.M.
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0
0

b3 ba b1 bg||mo m1 ma m3 my ms Mg My Mg My
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Boolean Algebras

Seven Segment (temporary functions)

©C.M.

Truth tabl

Seven segment

1
0
0
0
0
0
0

0

0
0

b3 ba b1 bg||mo m1 ma m3 my ms me My Mg My

0 000
0 0 01

0 010

0 0 11

01 00

01 01

01 10

1 000

1 0 0 1
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Seven Segment (temporary functions)

b3 by by bo|lmg m1 mo m3z my ms mg my mg Mg
000O0O)1 0O O O O O O O 0 O
00010 1 0 0 0O O O O 0 O
00100 O 1 0 O OO O O O
00110 0 O 1 0O O O O 0 O
01000 O OO 1T O O 0 0 O
010140 0 O O O 1 O 0 0 O
01100 O OO OTOT1T 0 0 O
011140 0 O O O O O 1 0 O
10000 O O O O O O O 1 o0
10010 0 0O O O O O O O 1

moy = 7)3625150 m3 = l_)ggzblbo me — Egbgbll_)o
mi1 = bgbabiby a4 = b3bbiby M7 = b3babibo

mo = Egi)gbll_)o my = l_)gbzl_)lbo mg = bgggf_)ll_lo

23/68

mg = b3babiby

Boolean Algebras

©C.M.

Truth tables

Seven segment



Boolean Algebras

Seven Segment (calculating a)

©C.M.

Truth tabl

Seven segment

a

mo M1 M2 M3 Mg M5 Me M7 Mg 19
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Seven Segment (calculating a)

mgog M1 Mg M3 My My Mg MMy 1TNg 119 a
1 o o o o o0 o0 0 0 0|1
0 1 o o0 o o O 0 0 0140
0 O 1 o 0 o0 o0 o0 0 o0}1
0 0 O 1 O 0 o 0 0 ©0|1
0O 0 0 0 1 0 0 o0 0 010
0O o0 o0 0 O 1 0O 0 0 0|1
o o0 o o0 0 0 1 0 0 0|0
o o0 o O 0 o0 O 1 0 0 |1
o o0 o o o0 o0 o0 o0 1 0|1
o o o o o0 o o0 0 O 1 41

a =mg + mg +mg + ms + my +mg + mg
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Seven Segment (calculating a)

mgog M1 Mg M3 My My Mg MMy 1TNg 119 a
1 o o o o o0 o0 0 0 0|1
0 1 o o0 o o O 0 0 0140
0 O 1 o 0 o0 o0 o0 0 o0}1
0 0 O 1 O 0 o 0 0 ©0|1
0O 0 0 0 1 0 0 o0 0 010
0O o0 o0 0 O 1 0O 0 0 0|1
o o0 o o0 0 0 1 0 0 0|0
o o0 o O 0 o0 O 1 0 0 |1
o o0 o o o0 o0 o0 o0 1 0|1
o o o o o0 o o0 0 O 1 41

a =mg + mg +mg + ms + my +mg + mg

a :ﬁl1777,47716

24 /68
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Seven Segment (calculating b)

mg mi Mg M3 M4 My Mg My Mmg Mg || b
1 0 0 0 0 0 0 0 0 0 |1
0 1 0 0 0 0 0 0 0 0 |1
0 0 1 0 0 0 0 0 0 0 |1
0 0 0 1 0 0 0 0 0 0 |1
0 0 0 0 1 0 0 0 0 0 |1
0 0 0 0 0 1 0 0 0 0 |0
0 0 0 0 0 0 1 0 0 0 |0
0 0 0 0 0 0 0 1 0 0 |1
0 0 0 0 0 0 0 0 1 0 |1
0 0 0 0 0 0 0 0 0 1 |1

b =mg+ mi + mao + mg + my + m7 + mg + mg

b =msme

25/68
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©C.M.
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Seven segment



Seven Segment (calculating ¢)

mog M1 Mg 13 Mg MMy Mg MMy Mg TNg (&
1 o 0 o o 0 0 0 0 0|1
0 1 o 0 o 0o O 0 0 0|1
0 0 1 o 0 o o0 o0 0 00
0 0 O 1 o o0 o0 0 o0 0|1
0O 0 0 O 1 0 0 0 0 0|1
0O 0 o0 0 O 1 0 0 0 0 |1
o o o o o0 o0 1 o0 0 0|1
o o0 o0 O o0 o0 O 1 0 0|1
o o0 o o 0 o0 0 o0 1 0 (|1
o o o o o0 o0 0o 0 o0 1 1

c=mg+mi +mg+ my +ms+ meg+ my+ mg+ mg

C :7”77,2
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©C.M.
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Seven Segment (calculating d)

mg M1 Mg M3 M4 My Mg My mg Mg || d
1 0 0 0 0 0 0 0 0 0 |1
0 1 0 0 0 0 0 0 0 0|0
0 0 1 0 0 0 0 0 0 0 |1
0 0 0 1 0 0 0 0 0 0 |l1
0 0 0 0 1 0 o0 0 0 0 |l0
0 0 0 0 0 1 0 0 0 0 |l1
0 0 0 0 0 0 1 0 0 0 |1
0 0 0 0 0 0 0 1 0 0 || 0
0 0 0 0 0 0 0 0 1 0 |1
0 0 0 0 0 0 0 0 0 1 (0

d =mg + msy + mg + ms + mg + mg

d =mymamyimg
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©C.M.
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Seven Segment (calculating e)

mg mi Mo M3 Mmg ms mg my mg dg |l e
1 0 0 0 0 0 0 0 0 0|1
0 1 0 0 0 0 0 0 0 0140
0 0 1 0 0 0 0 0 0 0|1
0 0 0 1 0 0 0 0 0 010
0 0 0 0 1 0 0 0 0 010
0 0 0 0 0 1 0 0 0 010
0 0 0 0 0 0 1 0 0 0|1
0 0 0 0 0 0 0 1 0 010
0 0 0 0 0 0 0 0 1 0|1
0 0 0 0 0 0 0 0 0 110

e =mg + ma + mg + mg

e =mq m3m4m5 ﬁl7m9

28/68

Boolean Algebras

©C.M.
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Seven Segment (calculating f)

mog M1 Mg M3 Mg MMy Mg M7 Mg d9 f
1 0 O O O O O 0 0 01
o 1 0 0 O O 0 0 0 oO0f0O
o 0 1 0 0O 0 0 0 0 O0fO0
o 0 0 1 0 0 0 0 0 o0foO
0o 0 0 O 1 0 0 0 0 o0f1
O 0 0 O O 1 0 0 0 o0f1
0O 0 0 O O 0 1 0 0 o0f}1
0O 0 0 O O O 0 1 0 o0foO
o 0 0 0O O 0 0 0 1 01
o 0 0 0O O 0 0 0 0 111
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©C.M.
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Seven Segment (calculating g)

mog M1 Mg M3 Mg MMy Mg M7 Mg d9 g
1 0 O O O O O 0 0 o0f]oO0
o 1 0 0 0 0 0 0 0 o010
O 0 1 0 0 0 0 0 0 o0f1
O 0 0 1 0 0 0 0 0 o0f1
O 0 0 O 1 0 0 0 0 o0f1
O 0 0 O O 1 0 0 0 o0f1
O 0 0 O O 0 1 0 0 o0f1
0O 0 0 O O O 0 1 0 o010
O 0 0 O O 0 0 0 1 01
O 0 0 O O 0 0 0 0 1/1

g =mga + m3 + my4 + ms + Mg + mg + Mg

g =momyy
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©C.M.
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Boolean Algebras

Seven Segment (notes)

©C.M.

Lots of work

For illegal input the output is garbage

No mathematical laws used in the table construction

Truth tabl

Here, we have no way but to use truth tables

Seven segment

In this case reading formula from the table is easy

31/68



Adder

Field of Sets

Stone’s Theorem
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Boolean Algebras

©C.M.

Boolean Algebra

Devise a boolean formula for computingn mod 3for0 <n <

Boolean Functions

Definable functions

15

Seven segment

® We use binary coding mod 3
® 4 bits input Dueﬁ_":"““y
® 2-bits output Addition

Thus the function is of the form f = (f1, fo) : B* — B2 /e

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem
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mod 3 (truth table)

Decimal Binary
n ‘ n mod 3 n3 N2 N1 nNg f1 fo
0 0 0 0 0
1| 0 0 0 1
2 0 0 1 0
3| 0 0 1 1
4 0 1 0 0
5| 0 1 0 1
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)

Decimal Binary
n ‘ n mod 3 n3 N2 N1 nNg f1 fo
0 0 0 0 0 0[O0 O
1| 0 0 0 1
2 0 0 1 0
3| 0 0 1 1
4 0 1 0 0
5| 0 1 0 1
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)

Decimal Binary
n ‘ n mod 3 n3 N2 N1 nNg f1 fo
0 0 00 0 0[O0 O
1 1 00 0 1|0 1
2 0 0 1 0
3| 0 0 1 1
4 0 1 0 0
5| 0 1 0 1
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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©C.M.
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mod 3 (truth table)

Decimal Binary
n ‘ n mod 3 n3 N2 N1 nNg f1 fo
0 0 0 0 0 0[O0 O
1| 1 00 0 1|0 1
2 2 0 0 1 0|1 0
3| 0 0 1 1
4 0 1 0 0
5| 0 1 0 1
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)

Decimal Binary
n ‘n mod 3 n3 N2 N1 nNg f1 fo
0 0 0 0 0 0[O0 O
1] 1 00 0 1|0 1
2 2 00 1 0|1 0
3 0 00 1 1[0 0
4 0 1 0 0
5| 0 1 0 1
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)

Decimal Binary

n ‘n mod 3 n3 N2 N1 nNg f1 fo
0 0 0 0 0 0[0 ©
1] 1 00 0 1|0 1
2 2 00 1 0|1 0
3] o 0 0 1 1|0 0
4 1 0 1 0 0]0 1
5| 0 1 0 1

6 0 1 1 0

7| 0 1 1 1

8 1 0 0 0

9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)

Decimal Binary
n ‘n mod 3 n3 N2 N1 nNg f1 fo
0 0 00 0 0[O0 O
1] 1 00 0 1|0 1
2 2 00 1 0|1 0
3] o 0 0 1 1|0 0
4 1 0 1 0 0[0 1
5 2 0 1 0 1|1 0
6 0 1 1 0
7| 0 1 1 1
8 1 0 0 0
9| 1 0 0 1
10 1 0 1 0
11 | 1 0 1 1
12 1 1 0 0
13 | 1 1 0 1
14 1 1 1 0
15 | 11 1 1
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mod 3 (truth table)
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How do we get formulae from this?
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Definability of Boolean Functions (SOP form)
extra

Theorem

The boolean functions are definable.

Proof.

It is enough to show that the functions f : B — B are
definable. We do this by induction.

n =0: A O-ary function is a constant, that is either 0 or 1.
Thus definability is immediate.

n+1l: Let f : B! 5 B be a function.
Let  fo(zp—1,...,20) = fO,zp—1,...,20) and
filxn—1,...,20) = f(l,zp-1,...,20). By induction
the functions fy and f; are definable, hence the function
f(l‘n, ey .’Eo) =, fo(l‘nfl, ceey .To) +x, - fl(l‘nfl, c ,ZEQ)
is definable. O]
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Proof of definability (POS form) extra R

©C.M.
Proof.
n+l: Let f : B"! - B be a function.
Let  fo(zp—1,-..,%0) = fO,zp—1,...,20) and
filtn—1,...,20) = f(lL,zp_1,...,20). By induction
the functions fy and f; are definable, hence the func-
tion f(xn,...,x0) (xn + fo(xn-1,...,20)) + (Zn +
fi(xp-1,...,0)) is definable. [J  |Definabily

36/68



Boolean Algebras

mod 3 unwinding f; (step 1) extra

©C.M.

Truth tabl

Unwinding

N

n2g N1 no

n3

0

0

0

0
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Boolean Algebras
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mod 3 unwinding f; (step 2) extra
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n3

1
1

ny no

n2

0
1

no

ni

n2

s fy + nafi

fi=
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mod 3 unwinding f7, f{ (step 3) extra
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’Flg’ﬁg ngTLQ
n1 No PO n1 Nno ?1
0 0 0 0 O 0 _ _
0 1] o0 0 1| 1 |7 =Ml naaf
1 0 1 1 0 0
1 1 0 1 1 0
n3/ﬁ2 n3n2 Unwinding
n1 Nno 110 n1 No flu
0 O 1 0 O 0 0_ _ — (10 = il
1 0 0 1 0 1
1 1 1 1 1 0
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Boolean Algebras

mod 3 unwinding f°, f21, 10 fl1 (step 4) extra
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ﬁgT_lQ’r_Ll ’FL3T_L2’I7,1 ﬁgng’ﬁl ’Flgngnl
000 001 010 011
no | fi no | f1 no | fi no | fi
0 0 0 1 0 0 0 0
1 0 1 0 1 1 1 0
000 00 = 01 011 e
i =0 1 =g 1°=no f 0
ngnang n3nany ngnang n3nang
100 10T 10 11T
o 1 o 1 1 o i it
0 1 0 0 0 0 0 1
1 0 1 1 1 0 1 0
10 = 10 110 — N —
1 =T i=no fi =0 fi=no
00 _ = = — ¢000 , = = 001 201 _ = - ¢010 |, ~ 011
fi© = nsnany f1 - + Nznong fi 1 = ngnanifi - + Nznang fi

10 _ 1100 _ 101 o1 _ 110 111
fio =mnsngni fi + nangng fi 1 =mnananyfi - + ngnang fi
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mOd 3 f]_ eXtra Boolean Algebras

©C.M.

® Note that we skipped the last unwinding

® \We can do one variable, no need to go to zero variables
® But possible...

f1 =nghiafiy f{°° + fignon f1OF 4 Rgnafiy f10 + fignong f{T+

_ 100 _ 101 _
ngfiang f1%° + nangn f1°0 + ngnong f11° + ngnany fi1

=nsnony - 0 + nanening + nanoning + nanang - 0+

Unwinding

n3NaN1Ng + n3naning + nanaeng - 0 + nananing
=n3Naning + Ngnaning+

n3N2N1Ny + N3naning + n3naning
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00010
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00110

01000
01011

011010
01110
100 0|1
10010

1010/0
10111

1 100]|0
11010
1110]1
11110
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010 1|1 Truth tables
011 0|0 Seven segment
01 1 10 el
1 00 01
1 00 1]0 Definability
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101 1|1 Addition
110 0]0
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11101 Two Bits Adder
11110 Full adder
n-Bits Binary
Adder
Field of Sets

Stone’s Theorem
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1 111]0]1 Full adder
n-Bits Binary
Adder
Field of Sets

Stone’s Theorem
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ng n2 m1 no | fi|Mo My
00 0 O0|0]0 1
000 1(0[1 O
00 1 0j1]1 1
00 1 1|j0]1 1
010001 1
010 1|1]1 1
01 10|0]1 1
011 1]j0]1 1
1 00 011 1
1 00 1(0]1 1
1 01 001 1
1 01 111 1
1 10 001 1
1 10 1(0]1 1
1 1 1 0(1|1 1
1 1 1 1(0]1 1
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Boolean Algebras

mod 3 f; in canonical POS

©C.M.

th

Unwinding

1

1
1
1

1
1
1

1
1

1
1

ng n2 ni1 Ng f1 ]\fg Ml f\'fg ALX

00 0 0[{0]O0
000 1|0

01 01
001 1|0
01000
010 11
011010
011 1|0
100 01

1.0 0 10
101 0]0

1

1 1)1

0

110 010
110 1|0
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mod 3 f; in canonical POS

n3 na N1 Ny f1 Afg 1\'11 ]\13 ALX 1\/[6 ]\/[7 j\/jg 1\/[10 Afu ]ng ]\”[15
0oo0o0®O0O(OjO 1 1 1 1 1 1 1 1 1 1
oo0oo01f0j1 0o 1 1 1 1 1 1 1 1 1
0010421 1 1 1 1 1 1 1 1 1 1
oo011{0/1 1 0 1 1 1 1 1 1 1 1
o1o0o0f0j1r 1 1 0 1 1 1 1 1 1 1
0101421 1 1 1 1 1 1 1 1 1 1
011001 1 1 1 0 1 1 1 1 1 1
011101 1 1 1 1 0 1 1 1 1 1
1P 00©O0(2{1 1 1 1 1 1 1 1 1 1 1
1001012 1 1 1 1 1 0 1 1 1 1
1 010(0f1 1 1 1 1 1 1 0 1 1 1
101111 1 1 1 1 1 1 1 1 1 1
110001 1 1 1 1 1 1 1 0 1 1
1 101(0f12 1 1 1 1 1 1 1 1 0 1
111021 1 1 1 1 1 1 1 1 1 1
111101 1 1 1 1 1 1 1 1 1 0

43/68

f1(n3,n2,n1,n0) =

[10,1,3,4,6,7,
9,10,12,13,15) =

(n3 +n2 +n1 + no)-
(n3 + n2 +n1 + ng)-
(n3 +ng + 1 + ng)-
(n3 + g + n1 + ng)-
(ng + n2 +n1 + np)-
(ng + na + 11 + np)-
(n3 + n2 +n1 + ng)-
(3 + ng + 71 + ng)-
(73 + na + n1 + ng)-
(g + Mg + nq + 7p)-
(R3 + fig + 7y + 7g)-

Boolean Algebras

©C.M.

Truth tables

Unwinding



f1 =ngnaning + ngnaning + ngnaning + nNananine+

n3n2ning
fo =ngnaning + nznaning + N3nening + n3naning+

n3naning

In this case the POS form is uglier
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©C.M.

Boolean Algebra
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Convention
Boolean Functions
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Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



mOd 3 (notes) Boolean Algebras

©C.M.

® There is an algorithm for mod

® We used it to build the truth table

® \We did not implement the algorithm

® Truth table implementation is mechanical o
® However, it is not practical for large n's

® Usually it is also fast (relevant when we have hardware)

® Algorithm implemetation is usually harder

45/68



However, they might give us more optimized functions
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Boolean Algebras

©C.M.

Addition
The plan:
One bit adder (a.k.a Half Adder) Tuth o
Two bits adder
Three bits adder?! Wrong direction
¢ Summing three bits (a.k.a Full Adder)
n-Bits adder (a.k.a Binary Adder)

Addition

48 /68



Devise a formula to add two one-bit numbers

49/68

mod 3
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Unwinding
Addition

Half adder
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Full adder

n-Bits Binary
Adder
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Stone’s Theorem



Devise a formula to add two one-bit numbers

® 2-bits inputs: Maximal possible sum is 2.

® Hence f = (f1, fo) : B> — B2

49/68
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Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3
Definability

Unwinding
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One Bit Adder Boolean Algebras

©C.M.

Problem

Devise a formula to add two one-bit numbers

® 2-bits inputs: Maximal possible sum is 2.
® Hence f = (f1, fo) : B> — B2

Decimal | Binary
T y| z+y |1 Jo
0 O 0 0 O Half adder
0 1 1 0 1
1 0 1 0 1
1 1 2 1 0
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One Bit Adder Boolean Algebras

©C.M.

Problem

Devise a formula to add two one-bit numbers

® 2-bits inputs: Maximal possible sum is 2.
® Hence f = (f1, fo) : B> — B2

Decimal | Binary
z y|l z+y | i Jfo
0 O 0 0 0 Half adder
0 1 1 0 1
1 0 1 0 1
1 1 2 1 0
fi=wy fo=zDy

49/68



Devise a formula to calculate the sum of two numbers each
in the range 0-3
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©C.M.

Boolean Algebra
Devise a formula to calculate the sum of two numbers each ~ “oeien
in the range 0-3

Boolean Functions
Definable functions
Truth tables
® Of course we use binary coding mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
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n-Bits Binary
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in the range 0-3

Boolean Functions
Definable functions
Truth tables
® Of course we use binary coding mod 3
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Addition
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Boolean Algebras

©C.M.

Boolean Algebra

Convention

Devise a formula to calculate the sum of two numbers each
in the range 0-3

Boolean Functions

Definable functions
_ o
Seven segment

® Of course we use binary coding mod 3

. . . . S

® Each of the inputs is 2-bits wide Ufw'i'n‘:ng' ity

® Thus sum is 6 at most Addition
Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem
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TWO Bits Adder Boolean Algebras

©C.M.

Problem

Devise a formula to calculate the sum of two numbers each
in the range 0-3

Truth tabl

The function form
® Of course we use binary coding
® Each of the inputs is 2-bits wide
® Thus sum is 6 at most
® Thus the output is 3-bits wide

Two Bits Adder

50/68



TWO Bits Adder Boolean Algebras

©C.M.

Problem

Devise a formula to calculate the sum of two numbers each
in the range 0-3

Truth tabl

The function form
® Of course we use binary coding
Each of the inputs is 2-bits wide

Thus sum is 6 at most
Thus the output is 3-bits wide
The function is of the form f = (f2, f1, fo) : B* — B3

Two Bits Adder

50/68



Boolean Algebras

2-Bits Binary Adder (truth table)

©C.M.

Truth tabl

Two Bits Adder

Binary

fi fo

fo

To Y1 Yo

T

0

Decimal
T ylrzty
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2-Bits Binary Adder (formula)

J2 =T120Y1Y0 + T1Z0Y1Y0 + T1ToY1Yo + T1T0Y1Yo+
T1Z0Y1Y0 + T120Y1Yo

1 =T1Zoy1%0 + T1Z0Y1Y0 + T1ToY1Yo + T1ZoY1Yo+
Z1T0Y1Yo + T1ToY1Yo + T1ZoY1Yo + T1ZToY1Yo

fo =T1Zoy1%0 + T1Z0Y1Y0 + T1ToY1Yo + T1ZToY1Yo+
Z1ZoY1Yo + T1ToY1Yo + T1Z0Y1Yo + T1ZoY1Yo

The notes of mod 3 hold also here
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More than Two Bits Adder Boolean Algebras

©C.M.

Three bits: f : B¢ — B*
The general case looks hopeless

However, we have seen how to add numbers:
» Long addition of representations

Truth tabl

Until now our method was as follows:

» Use an algoritm to generate truth table
» Generate a formula from the truth table

The exponential explosion requires something else

The formula we generate will implement the algorithm
Two Bits Adder
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3 C2
xr3 T2 T1 Xo
Ys Y2 Y1 Yo

Z3 Zo Z1 20

® Unsigned overflow: c3 =1

e Signed overflow: c3 # co
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3 C2
xr3 T2 T1 Xo
Ys Y2 Y1 Yo

Z3 Zo Z1 20

® Unsigned overflow: c3 =1

e Signed overflow: c3 # co

There is a function f such that for each n,
<Cn, Zn) = f(cn—h -'L'm?/n)a

where c_1 =0
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Devise a formula to sum three bits

® Three bits input

® The sum is at most three

Thus the output is two bits
f={(f, fo) : B> - B?

55/68

Boolean Algebras

©C.M.

Boolean Algebra
Minimal BA
Convention
Boolean Functions

Definable functions

Truth tables
Seven segment
mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem



Decimal
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Addition of Three Bits (formula) Boolean Algebras

©C.M.

Decimal | Binary
T Yy =z x+y+z fl fo
0 0 O 0 0O O
0 0 1 1 0 1
010
0 1 1
1 00
1 0 1
1 10
1 1 1

Full adder
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Addition of Three Bits (formula)

— == _0 0 O O

== i e Bl e N

— O PR O F O O

Decimal | Binary
z+y+z|fi fo
0 0 O

1 0 1

1 0 1
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Addition of Three Bits (formula) Boolean Algebras

©C.M.

Decimal | Binary

x+y+z fl fo
0 0 O
1 0 1 Truth ta
1 0 1
2 1 0

== == O O O OR
= =0 O = = O o
el e L =) N

Full adder
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Addition of Three Bits (formula) Boolean Algebras

©C.M.

Decimal | Binary

myzx"i_y‘i‘Zflfo

00 0 0 0 0

00 1 1 0 1
01 0 1 0 1

01 1 2 1 0

100 1 0 1

1 01

1 1 0

1 11

Full adder
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Addition of Three Bits (formula) Boolean Algebras

©C.M.

Decimal | Binary
T Yy =z P aF y +z fl fo
0 0 O 0 0O O
0 0 1 1 0 1 B
010 1 0 1
0 1 1 2 1 0
1 00 1 0 1
1 0 1 2 1 0
1 10
1 1 1

Full adder
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Addition of Three Bits (formula)

Decimal | Binary
r y zl|lz+ytz|fi Jo
0 00 0 0 O
0 0 1 1 0 1
0 10 1 0 1
0 1 1 2 1 0
1 00 1 0 1
1 0 1 2 1 0
1 10 2 1 0
1 1 1
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Addition of Three Bits (formula) Boolean Algebras

©C.M.

Decimal | Binary
T Yy =z P aF y +z fl fo
0 0 O 0 0O O
0 0 1 1 0 1 B
010 1 0 1
0 1 1 2 1 0
1 00 1 0 1
1 0 1 2 1 0
1 10 2 1 0
1 1 1 3 1 1

Full adder
® fo=xPydz
O fl(l’,y,Z) = Z(3>57677) = H(Oa 1a274)
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f1 =Tyz + zyz + xyz + vyz =
=Z+z)yz+ (Y+y)zz+ay(z + 2) =

=yz + 2z + Y

57/68
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Well, almost, we use the full adder
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n-Bits Binary Adder

Problem

For each n devise a function to compute the sum of two

numbers each in the range 0 — 2" — 1

Function Form

Of course, binary

Each of the input numbers is n-bits wide
The output is n + 1-bits wide

The form is f = (fn,--

. 7f0> :B2n N Bn+1
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n-Bits Binary Adder (Algorithm)

Definitions

® |let x,—1---xg and y,_1 - yYyo be the binary
representation of the two input numbers

® |et z,--- 29 be the binary representation of the sum
e Let f = (f1, fo): B3 — B? be the full adder

Long addition

<607 ZO) :<fl(x0’ Yo, O)a fO(x07 Yo, 0)>
(c1, 21) =(f1(x1,Y1,c0), fo(z1,Y1,c0))

<Cn71,Zn71> :<f1(1'n71ayn7170n72)7fO(fEnflaynflacan»

Zn =Cp—1
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Adder, more formal extra

Define the functions gy and ¢,

(xkvyka ) k= ;
go(k, ok, yr) = § fo(@h, yr, 91 (k — 1L, 2p—1,96-1)) 0 <k <m,
(0 0 gl( -1 y Tn—1,Yn— 1)) k=n

o (mkvyka ) k= O,
gl(k7xk7yk) -
filzr, yk, 91(k — 1, 2p—1,95-1)) 0<k<n

The following holds

For each i <mn, z; = go(4, x4, y:)
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In the following we deal with arbitrary boolean algebras
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Boolean Algebras

©C.M.

Boolean Algebra
The structure (P, 0, X,U,N,\), where P C P(X), is a field of ~ “"""
sets if the following hold for each z,y € P: § € P, zUy e P, 1
2Ny € P, and X \z € P. (By \ we mean the operation ...
X \ .’L‘) Seven segment

mod 3

Definability
Unwinding

Addition

Half adder

Two Bits Adder
Full adder

n-Bits Binary
Adder

Field of Sets

Stone’s Theorem
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The structure (P,0, X,U,N,\), where P C P(X) is a field of
sets, is a boolean algebra.

64/68
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Boolean Algebras

extra |l

©C.M.

Proof.
There is really nothing to prove here assuming one under-
stands the meaning of the set operations U, N and \.

1. zU0=2zand zN X = z.

Truth tabl

2. zUy=yUxand zNy =y Nx.

3. (zUy)Uz=2U(yUz)and (zNy)Nz=zN(yNz).

4. zU(yNz)=(xUy)N(zUz) and
zN(yUz)=(xNy)U(zNz).

5. zU (X \z)=Xand zN(A\ z) =0.

Field of Sets
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Boolean Algebras

extra
©C.M.

Corollary
For each set X, the structure (P(X),0,X,U,N,\) is a
boolean algebra.
Taking X to be the empty set in the above corollary we have
P(X) = {0,{0}}!' Thus we got the 2-valued boolean alge-
bra!l This might lead us to suspect (correctly!) that somehow
every boolean algebra can be realized as a field of sets with
the usual set operations!

Field of Sets
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Boolean Algebras

extra

©C.M.

Theorem (Stone representation theorem [?])

Each boolean algebra is isomorphic to a field of sets.

Definition S
Let B be a boolean algebra.
1. We will say that x <y if z = zy.
2. A subset U C B is called an ultrafilter if the following
hold:

21 0¢Uand1€U.

22 Ifx €U and z <y theny e U.

23 Ifz,yeUthenz-yeU.

24 If x € B then eitherx € U or x € U.

Stone’s Theorem
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ext ra Boolean Algebras
©C.M.

Proof.

Let B be a boolean algebra. Let X = {U |

U is an ultrafilter over B}. For each b € B let U, = {U €
X|beU}. Let P={U, | be B} Then PC P(X)and . .
(P,0, X,U,N,\) is a field of sets.
Define the function 7 : B — P by letting w(b) = U, for each
b € B. It is not hard to check that

m:(B,0,1,+,-,7) = (P,0,X,U,N,\)

is an isomorphism. O

Stone’s Theorem
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